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ABSTRACT

The purpose of this research is to find an integral solution for some cases on the Diophantine equation
p* + q¥ = z2. Four equations under consideration are 3* + 16Y = z2, 3¥ + 21Y = z2, 7* + 13 =
z%, and 7* + 32Y = z? in which x, y and z are non-negative integers. The integral solutions to the
Diophantine equation 3* + 16” = z2, are (1,0,2) and (2,1,5). Diophantine equations 3* + 21¥ = z?,
and 7% + 32 = z2 have the solution of (x, y, z) is (1,0,2) and (2,1,9) respectively while Diophantine
equation 7* + 13 = z? has no integral solution.
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INTRODUCTION

The Diophantine equation is one of the major scopes in the study of number theory. It has been
defined as a polynomial equation consisting of two or more unknowns. In this study, we are only
interested in finding an integral solution which is all the unknowns take only non-negative integer
values.

Acu (2007) proved that the Diophantine equation 2* + 5Y = z? where x, y and z are non-
negative integers has only two integral solutions (3,0, 3) and (2, 1, 3). Suvarnamani et al. (2011)
studied the Diophantine equation 4* + 7” = z% and 4* + 11”7 = z2? has no non-negative
integer solution.

In the following year, Rabago (2012) found that the Diophantine equation 3* + 19Y = z? and

3% + 91Y = z?2 have exactly two solutions (x, y, z) in non-negative integers. The solutions are
(1,0,2),(4,1,10) and (1,0, 2), (2,1, 10) respectively.

Sroysang (2012b) proved that the Diophantine equation 3* + 5¥ = z2 has a unique solution
(1,0, 2). The proof was shown by applying Catalan’s conjecture. Catalan stated that the unique
solution for the Diophantine equation a* — b¥ = 1where a, b, x, and y are (3,2, 2, 3) with the
minimum values (a, b, x,y) > 1. The Catalan’s conjecture was proven by Mihailescu (2004).

There are a few research papers from Sroysang that applied Catalan’s conjecture in order to
prove the solutions for the particular Diophantine equation and we list it down as follows:
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i) Sroysang (2012a) found that the Diophantine equation 8* + 19 = z? has a unique non-
negative integer solution and the solution is (0, 1, 3).

ii) Sroysang (2013a) proved that the Diophantine equation 2* + 3Y = z?2 has exactly three
non-negative integer solutions: (x,y,z) = (0,1,2),(3,0,3),(4,2,5).

iii)Sroysang (2013b) proved that the Diophantine equation 7* + 8” = z2 has a unique
solution: (x,y,z) = (0,1, 3).

iv)Sroysang (2014a) found that the Diophantine equation 3* + 85Y = z2 has a unique
solution: (x,y,z) = (1,0,2).

v) Sroysang (2014b) found that the Diophantine equation 5* + 43Y = z2 has no non-
negative integer solution.

vi)Sroysang (2014c) proved that the Diophantine equation 5* + 63Y = z2 has a unique
solution (x,y,z) = (0,1, 8).

vii)Sroysang (2014d) proved the Diophantine equation 7* + 31” = z? has no non-negative
integer solution.

Terai and Hibino (2015) proved that the Diophantine equation (12m? + 1)* + (13m? —
1)¥ = (5m)? has only one non-negative integer solution that is (x,y,z) = (1,1,2). In the
following year, Rabago (2016) found that the Diophantine equation 2* + 17Y = z? has exactly
five non-negative integer solutions and the solutions are (3,1, 5),(5,1,7),(6,1,9),(7,3,71) and
(9,1, 23). Asthana and Singh (2017) showed that the Diophantine equation 3* + 13¥ = z2 has
exactly four non-negative integer solutions and the solutions are (1,0, 2), (1,1,4),(3,2,14) and
(5,1,16). Burshtein (2019) found that the Diophantine equation 5% + 103Y = z? and 5% +
11Y = z? have no non-negative integer solution. Recently, Orosram and Comemuang (2020)
proved that the Diophantine equation 8% + n¥ = z2 has only one non-negative integer solution that
is (x,y,z) = (1,0, 3) where x, y and z are non-negative integers and n = 10(mod 15).

SOME CASES ON THE DIOPHANTINE EQUATION

In this section, we will find an integral solution to the Diophantine equation 3* + 16” = z2, 3* +
21Y = z2, 7% + 13Y = z%, and 7* + 32Y = z2where x, y, and z are non-negative integers. To
find the integral solution (x, y, z) for all cases that we consider, we highlight the Catalan’s Conjecture
that has been proved by Mihailescu (2004) as follows.

Proposition 1 (The Catalan’s Conjecture). The unique solution for the Diophantine equation a* —
bY =1 where a,b,x, and y is (3,2, 2, 3) with the minimum values (a,b,x,y) > 1.

Now, we highlight our result for some cases on the Diophantine equation.
DIOPHANTINE EQUATION 3* + 16” = z2
In this subsection, we will find the integral solution to the Diophantine equation
3% +16Y = z2 (1)

In the following lemma, we consider the case y = 0 of the Diophantine equation 3* + 16Y = z2.

21



S.M. Khairudin et al. Menemui Matematik (Discovering Mathematics) 46(3) (2024) 20-29

Lemma 1. The unique solution for the Diophantine equation
3 +1=2z2% )
which is denoted as (x,z) is (1,2).

Proof: Assume 3* + 1 = z?2 has a solution such that x and z are non-negative integers. We will
consider two cases based on the possible values of x.

Case I: Letx = 0.
Equation (2) will become z% = 3° + 1. Then,

7% =2,

Therefore z = V2 is contradiction since z is non-negative integer.

Case?2:Letx > 1.
Firstly, we consider x = 1, thus the equation (2) will become

z2 =31 +1
z = 12,

since z is non-negative integer, thus we only choose z = 2.

Secondly, we consider x > 1. From Proposition 1, x cannot be greater than 1. Based on both cases,
we conclude that the only possible solution for equation 3* + 1 = z?% is (x, z) = (1, 2).
[

In the following lemma, we consider the case x = 0 for the Diophantine equation 3* + 16 = z2.
Lemma 2. Diophantine equation

1+ 167 = z2 3)
has no non-negative integer solution.

Proof: Assume there exists the value of y and z which are non-negative integers. We will consider
two cases based on the possible values of y.

Case I: Lety = 0.

Equation (3) will become
z2=1+16°
z? = 2.

This is contradiction since z is a non-negative integer.

Case 2: Lety > 1.
Firstly, we consider y = 1, thus the equation (3) will become

z2 =1+ 16!

= 17.
This is contradiction since z is a non-negative integer.
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Secondly, we consider y > 1. From Proposition 1, y cannot be greater than 1. Thus, from the above
two cases, the Diophantine equation 1 + 16” = z? has no non-negative integer solution.

]
Now, we highlight our results for the Diophantine equation 3* + 16Y = z? as in the following
theorem.

Theorem 1. The Diophantine equation
3% +16Y = 22, 4)

has two solutions which are (x,y,z) = (1,0,2) and (2,1,5) where x, y, and z are non-
negative integers.

Proof: Letx, y and z be non-negative integers such that 3* + 16 = z?and consider the case when
one of the three unknowns x, y, and z is zero.

If y = 0 then we can use Lemma 1 to conclude that the solution for equation 3* + 1 = z?2 is
(x,z) = (1,2).

If x = 0 then we can use Lemma 2 to conclude that there is no non-negative integer solution for
equation 1 + 16Y = z2,

Now, we will consider the case x = 1 and y > 1. Note that z is odd, it implies z* = 1(mod 4).
Then we substitute z2 = 1(mod 4) and 16” = 0(mod 4) into equation (4) and we have
3* =z2 — 16y
= 1(mod 4) — 0(mod 4)
= 1(mod 4).

We obtain 3* = 1(mod 4). Note that, if 3* = 1(mod 4), it implies x is even. While if 3* =
3(mod 4), it implies x is odd. Therefore, x is even. Let x = 2k where k is a positive integer. We
substitute x = 2k into equation (4) and we have

z? = 3%k 4+ 16Y
z? = 3%k 4 2%
24y — 22_32k
2% = (z — 35 (z + 3%). (3)

Let z — 3% = 2% where u is a non-negative integer, therefore z = 2% + 3 and we substitute into
equation (5). This implies 2% = 2%(z + 3¥). and we obtain,

24(z + 3K) = 2%
k 243/
3 =2_u_Z
k 24y u k
3 =2—u—(2 +3)
4y
2(3k):2_u_2u

2(3k) = 2u(24-2u — 1),
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It follows that u = 1 and 3% = 2%~2 — 1, Thus, 2%~2 — 3% = 1. Since k > 1, we have 4y —
2 > 3. By Proposition 1, we have k = 1 . Then we obtain,

2972 =22,

Thus,
4y —2=2
y = 1.

Since x = 2k and k = 1, thenx = 2 and y = 1, thus z = 5. Therefore, (1,0, 2) and (2,1,5)
are the solutions (x,y,z) for the equation 3% + 16¥ = z? where x, y and z are non-negative
integers.

|
Corollary 1. The Diophantine equation 3* + 16¥ = w* where x, y and w are non-negative
integers has no non-negative integer solution.

Proof: Suppose that there are non-negative integers x, y and w such that 3* + 16Y = w*. Letz =
w2, this implies 3* + 16Y = z?. By Theorem 1 the equation 3* + 16¥ = z? has two non-

negative integer solutions (1,0,2) and (2, 1, 5). Since weknow thatz = 2andz = 5, thusw = /2

and w = /5. This is contradiction since w is non-negative integer. Therefore, it is proven that
Diophantine equation 3* + 16 = w* has no non-negative integersolution.

]
DIOPHANTINE EQUATION 3* + 217 = z2
In this section, we will find the integral solution to the Diophantine equation
3% 4+ 217 = z2. (6)
Here, we consider the case y = 0 of the Diophantine equation 3* + 21Y = z2.
Lemma 3. The unique solution for the Diophantine equation
3 +1 =22 (7)
which is denoted as (x,z) is (1, 2).
Proof for Lemma 3 can be handled similarly with Lemma 1.
In the following Lemma, we consider for the case x = 0 of the Diophantine equation 3* +
21Y = z2,
Lemma 4. Diophantine equation
1+ 217 = z2, (8)

has no non-negative integer solution.
Proof for Lemma 4 can be handled similarly with Lemma 2.

Now, we highlight our results for Diophantine equation 3* + 217 = z?2 asin the following
24
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theorem.

Theorem 2. The Diophantine equation
3% 4+ 21Y = z2, 9)

has a unique solution which is (x,y,z) = (1,0, 2) wherex, y, and z are non-negative integers.

Proof: Assume x, y, and z are non-negative integers such that 3* + 21" = z2. Since the value of z is
even, it implies z2 = 0(mod 4). Since 21 = 1(mod 4), then 217 = 1 (mod 4).

Then, substitute z? = 0(mod 4) and 217 = 1 (mod 4) into equation (9). Then we have

3% =22 -21Y

3* = 0(mod 4) — 1(mod 4)
= —1(mod 4)
= 3(mod 4).

Note that, if 3* = 1 (mod 4), it implies x is even. While if 3* = 3 (mod 4), it implies x is odd.
Thus, x is an odd number.

Now we will consider y into two cases.

Case I : Let y = 0. Equation (9) will become
3* +1=z2%

From Lemma 3, we have x = 1 and z = 2.

Case 2: Let y > 1. Firstly, we consider y = 1. It is clear that 21Y = 1 (mod 5). Since x is odd, then
3*¥ = 2 (mod 5) or 3* = 3(mod 5). By substituting 21Y = 1(mod 5) and 3* = 2 (mod 5) into
equation z2 = 3x + 21,weobtain

z? = 3% + 217
2(mod 5) + 1(mod5)
3(mod)5).

By substituting 21¥ = 1(mod 5) and 3* = 3 (mod 5) into equation zZ = 3¥ + 21 ,we get
z? = 3%+ 217

3(mod 5) + 1(mod5)

= 4(mod)5).

Thus, we have z% = 3,4 (mod 5). This is contradiction since z is even and z2 = 0, 1,4 (mod 5).

Now, we consider y > 1. From Proposition 1, y cannot be greater than 1. Therefore, it is proven
that (1,0,2) is a wunique solution to the Diophantine equation 3%+ 21Y = z2

|
Corollary 2 The Diophantine equation 3* + 21¥ = w* has no non-negative integer solution where
X, y and w are non-negative integers.

Proof: Suppose that there are non-negative integers x, y and w such that 3% + 217 = w*. Letz =
w?, this implies 3% + 21¥ = z2. By Theorem 2 the equation 3* + 21Y = z? has a unique solution
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(1,0,2). Since we know that z = 2, thus w = v/2. This is contradiction since w is non-negative
integer. Therefore, it is proven that Diophantine equation 3* + 21 = w* has no non-negative
integer solution.

]
DIOPHANTINE EQUATION 7* + 137 = z?
In this section, we will prove that the Diophantine equation
7% + 137 = 72, (10)

has no non-negative integer solution. In the following Lemma, we consider for the case y =0 of
the Diophantine equation 7* + 13 = z2.

Lemma 5. The Diophantine equation
7* +1 = z2, (11)

has no non-negative integer solution.

Proof for Lemma 5 can be handled similarly with Lemma 1.

In the following Lemma, we consider for the case x = 0 of the Diophantine equation 7* + 13Y =

z2.

Lemma 6. Diophantine equation

1+ 13 = z2, (12)

has no non-negative integer solution.

Proof for Lemma 6 can be handled similarly with Lemma 2.

Now, we highlight our results for Diophantine equation 7* + 13¥ = z? asin the following
theorem.

Theorem 3. There is no non-negative integer solution for Diophantine equation

7% +13Y = z2 (13)
Proof: Suppose that there are non-negative integers solution x, y and z such that 7% + 13Y = z2.
From Lemma 5 and 6, we obtain that x > 1 and y > 1. This implies that z is even. It follows that
z? = 0 (mod 3) or z2 = 1 (mod 3).

By substituting 7* = 1 (mod 3) and 13* = 1 (mod 3) into equation (13), we obtain

72 =7% + 137
= 1(mod 3) + 1(mod 3)
= 2(mod 3).
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This is contradiction because as z is evenand z2 = 0,1 (mod 3).

Therefore, it is proven that Diophantine equation 7* + 13Y = z2has no non-negative integer
solution.

DIOPHANTINE EQUATION 7% + 32Y = z2

In this section, we will give integral solutions to the Diophantine equation

7% 4327 = 22, (14)

To solve the Diophantine equation (14), we need the following lemmas.

Lemma 7. The Diophantine equation
7+ 1 =2z (15)
has no non-negative integer solution.

Proof for Lemma 7 can be handled similarly with Lemma 1.

Lemma 8. Diophantine equation
1+ 327 =z, (16)

has no non-negative integer solution.
Proof for Lemma 8§ can be handled similarly with Lemma 2.

Now, we highlight our results for Diophantine equation 7 + 32¥ = z? asin the following
theorem.

Theorem 4. The Diophantine equation
7% + 327 = 72, (17)

has a unique solution which is (x,y,z) = (2,1,9) wherex, y, and z are non-negative integers.

Proof: Let x, y and z be non-negative integers such that 7% + 32Y = z2and consider the case when
one of the three unknowns x, y, and z is zero. If y = 0 then we can use Lemma 2.7 to conclude that
there is no non-negative integer solution for equation 7* + 1 = z2. If x = 0 then we can use
Lemma 8 to conclude that there is no non-negative integer solution for equation 1 + 327 = z2,

Now, we will consider the case x = 1 and y > 1. Note that z is odd. Then z2 = 1 (/mod 4) and
32Y = 0(mod 4). Substitute z> = 1 (mod 4) and 32” = 0 (mod 4) into Equation (17), we have
7% = z? — 327
= 1(mod 4) + 0(mod 4)
= 1(mod 4).

We obtain 7* = 1 (mod 4). This implies that x is even. Let x = 2k where £ is a positive integer.
We substitute x = 2k into equation (17) and we obtain
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7% = 7%k 4 32Y
7% = 7%k 4 25¥
25y — Z2_72k

=(z-7(z+7%).

Let z — 7% = 2%, then equation (18) will become

(18)

24(z + 7%) = 2%V
25Y

k _—
7 —z—u—Z
k 2531 k
7 =2_u_(2u+7)
5y

2(7%) = 5 — 2"
2(7F) = 2n (252 — 1),

It follows that u = 1 and 7% = 25Y~2 — 1. Thus, 25772 — 7% = 1. Since k > 1, we have 5y —
2 = 3. By Proposition 1, we have k = 1. Then we obtain,

2%2=1 47!
25y—2:23
S5y—2=3

y=1.

Since x = 2k and k = 1,wehave x = 2 and y = 1, thus z = 9. Therefore, (2, 1,9) is a unique
solution (x, y, z) for the equation 7% + 32Y = z2 where x, y and z are non-negative integers.

|
CONCLUSION

The integral solutions to the Diophantine equation 3* + 16Y = 7%, are (1,0,2) and (2,1,5).

Diophantine equations 3* + 21Y = z2, and 7% + 32¥ = z2 have the solution of (1,0,2) and

(2,1,9) respectively while Diophantine equation 7* + 13¥ = 22 has no integral solution.

Acknowledgement

This research was funded by GERAN PUTRA 2021(GP-Matching UPM-UPNM/2021/9300477).

REFERENCES

Acu, D. (2007). On a Diophantine equation. General Mathematics, 15(4):145-148.

Asthana, S. and Singh, M. M. (2017). On the diophantine equation 3* + 13" = z2. International
Journal of Pure and Applied Mathematics, 114(2):301-305.

28



S.M. Khairudin et al. Menemui Matematik (Discovering Mathematics) 46(3) (2024) 20-29

Burshtein, N. (2019). On solutions to the diophantine equations 5* + 103’ = z? and 5" + 117 = z*
with positive integers x, v, z. Annals of Pure and Applied Mathematics, 19(1):75-77.

Mihailescu, P. (2004). Primary cyclotomic units and a proof of catalan’s conjecture.ournal Fur
die reine und angewandte Mathematik, 572:167—196.

Orosram, W. and Comemuang, C. (2020). On the diophantine equation 8* +n* = z%. Annals of
Pure and Applied Mathematics,Vol. 26, No. 2, 2022, 115-118.

Rabago, J. (2012). On two diophantine equations 3* + 19" = 2% and 3* + 91" =z%. Journal of Pure
and Applied Mathematics, 81(4):605—-608.

Rabago, J. (2016). On the diophantine equation 2% + 17 = z%. Journal of the Indonesian
Mathematical Society, 22(2):177-182.

Robinson, J. (1952). Existential definability in arithmetic. Transactions of the American
Mathematical Society, 72(3):437-449.

Sroysang, B. (2012a). More on the diophantine equation 8* +19” = z2. International Journal of
Pure and Applied Mathematics, 81(4):601-604.

Sroysang, B. (2012b). On the diophantine equation 3* + 5" = z2. International Journal of Pure
and Applied Mathematics, 81(4):605—608.

Sroysang, B. (2013a). More on the diophantine equation 2* + 3" = z2. International Journal of
Pure and Applied Mathematics, 84(2):133—137.

Sroysang, B. (2013b). On the diophantine equation 7* + 8 = z2. International Journal of Pure
and Applied Mathematics, 84(1):111-114.

Sroysang, B. (2014a). More on the diophantine equation 3* +85" = z2. International Journal of
Pure and Applied Mathematics, 91(1):131-134.

Sroysang, B. (2014b). On the diophantine equation 5% + 43” = z2. International Journal of Pure
and Applied Mathematics, 91(4):537-540.

Sroysang, B. (2014c). On the diophantine equation 5° + 63" = z2. International Journal of Pure
and Applied Mathematics, 91(4):541-544.

Sroysang, B. (2014d). On the diophantine equation 7* + 317 = z2. International Journal of Pure
and Applied Mathematics, 92(1):109—112.

Suvarnamani, A., Singta, A., and Chotchaisthit, S. (2011). On two diophantine equations 4* + 7”
=z? and 4" + 11” = 22, Science and Technology RMUTT Journal, 1(1):25-28.

Terai, N. and Hibino, T. (2015). On the exponential Diophantine equation (12m? + 1)* + (13m?* —
1Y = (5m)?. International Journal of Algebra, 9(6):261-272.

29



