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ABSTRACT

Volterra integro-differential equation with delay (VIDED) is solved using a diagonally multistep
block method (DMB). This study provides the derivation of the DMB utilizing Taylor series with
a constant step size strategy for treating the first order VIDED. In predictor-corrector mode, the
DMB method combines the predictor and corrector formulae. It approximates two numerical
solutions simultaneously within a block. The algorithm for the approximation solution is developed
and the Newton-Cotes formulae are adapted in the DMB method to estimate the solution for an
integral component. Theoretically, the consistency and zero stability that led to convergence
properties are examined. The stability region also has been plotted. The numerical results indicate
that the developed method is superior in terms of the number of steps, accuracy and computation
time taken.

Keywords: Volterra integro-differential equation with delay, diagonally multistep block,
Newton-Cotes formulae

INTRODUCTION

The following Volterra integro-differential equation with delay is considered:
t
YO=-F(LyQ.yt-a). [ Keuy@.yu-ad),  tel, Tl @
where

2(t) = [ K (t.u, y(u), y(u-2)) du,
depending on the initial function,
y(t) = ¢(t), where te[t, —7,t,]. (2)
F, Kand ¢ are supposed to be sufficiently smooth. In this case, the delay term, ,is assumed to

be continuous and positive integer. Equation (1) can be simplified to a standard initial value
problem to yield an approximation of a numerical solution as follows,

y'(t) =F(t y), y(t-1),2(t)) (3)
where
t
2(t) = [ K(t,u, y(u), y(u—-r))du. @
On mesh points with t; =a, t, =T, t, <t <...<t,, the block methods have been developed to

approximate the solutions of the standard initial value problem. Frequently, the constant step size,
h, is utilized to analyse these methods.

This type of equation arises widely in steady-state solution (Verdugo, 2018) and HIV-1 infection
model (Ali et al., 2018) which the delay term denotes the dormant period. The analytical solution
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for the VIDED is too complex; thus, the qualitative results may depend on numerical approaches.
Brunner and Zhang (1999) obtained several primary discontinuity results for integral and integro-
differential equations (IDE) involving different delays. Meanwhile, Ayad (2001) came up with the
idea of using a polynomial spline function to obtain an approximation of the solution to two distinct
kinds of IDE with delay, namely Fredholm IDE with delay and VIDED.

Schoenberg was the first to introduce the B-spline in 1949. B-splines are the typical non-
linear smooth geometry representation in numerical computation. Ali (2009) established a
numerical solution to the VIDED problem using the expansion method (collocation and partition)
in conjunction with basis function of B-spline polynomials. Meanwhile, Salih et al. (2010), had
solved the n™ -order linear VIDED with convolution type using the Galerkin method with the B-

spline function. Salih et al. (2014) created a MATLAB algorithm to evaluate the n" order linear
VIDED of convolution types and employed the B-spline function with the aid of the Weddle rule
to estimate the required integrals for the equations. Galerkin's method is prevalent in solving
differential equations numerically. Consequently, Zaidan (2012) introduced Bernstein polynomial
of degree two defined as the weighted residual method with Galerkin's method in solving the linear
VIDED.

Yiizbas1 and Karagayir (2018) approximated a solution for higher order VIDED by
converting the problem into a linear algebraic equation system. They suggested a Galerkin-like
approach to approximate this system. Baharum et al. (2022) solved VIDED using the third order
multistep block method. While Janodi et al. (2020) considered a hybrid block method when solving
Volterra IDE. Lagrange interpolation polynomials have been used to solve the delay in Ismail et
al. (2020). Moreover, Baharum et al. (2022) implement the Boole’s rule strategy in solving the
Volterra IDE using the multistep block method.

The two-point diagonally multistep block approach is used in this study to obtain new
numerical findings for Volterra integro-differential equation with delay problem. Several
examples illustrate that the proposed method yields relevant numerical results.

DERIVATION OF THE METHOD

Linear difference operator, L associated with
k k

LLy(®);h]= > e y(t+ih)—h)_ By'(t+ih), ()
i=0 i=0

as y(t) is a function and continuously differentiable on [t,, T]. Linear difference operator is
generated by substituting y(t) and its derivatives, y'(t) with Taylor series.

Lyt =Y, [y(t) +ihy'(t) +%h2y”(t)j -nY 4 (y'(t) +ihy'(t) +%h2y"'(t)j. (6)

i=0
DMB method has been formed by evaluating y(t+h)and y(t+2h) with delay arguments and

solutions, respectively. As indicated below, the first-point corrector formula was developed by
expanding the linear multistep method, (LMM) (5).

Zk:aiy(t+ih) = hgﬂy’(t+ih)+hzklﬂy’(t+ih).
When the number of step:? k=4,DMB n|1:(§thod formulateclizzthe first point corrector formula;
iaiy(t +ih) = hZO:Ay’(t +ih) + hiﬂiy'(t +ih),
a,y(t+3h) :3054y(t +4h) = h,lbz,oy'(t) +hg,y'(t :Zzh) +hg,y'(t+3h)+hpg,y'(t+4h).
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By letting o, =-1and «, =1yields,
—y(t+3h)+y(t+4h)=hgy' () +hB,y' (t+2h) + hGy'(t+3h) +hg,y'(t+4h),
y(t+4h) =y(t+3h)+hgy'(t)+hg,y'(t+2h) +hBy'(t+3h) +hg,y'(t +4h). (7)

Taylor series produces the expression for y(t+4h), y(t+3h), y'(t), y'(t+2h), y'(t +3h), and
y'(t+4h).

y(t+4h) = y(t) + 4hy'(t) + hzy”(t) + h3y”’(t) +— 256

h4 (4)(t)
y(t+3h)=y(t)+3hy’(t)+5h2y”(t)+ h3y'”(t)+ h“ v ),
y'(t+2h) = y'(t) + 2hy"(t) + % hey"(®)+5 Sy o),

' ’ " 9 2\ ,m 217 3,,(4)

y'(t+3h) = y'(t) + 3hy (t)+—h y (t)+—h y@ (1),
Y'(t+4h)=Y’(t)+4hY"(t)+ Ope y"(t) + h3 y@(t).

The terms of Taylor series are truncated as the fourth- order method at the fourth derivative. Hence,
Taylor series is substituted into the equation (7) and yields,

YO+ 4hy' 0+ 2y () + hSy'"a) 22hty()
= y(t) + hy’ (t)(3+/fo+ﬂ2+ﬂ3+ﬂ4)+h2y"(t)( +2ﬂ2+3ﬁ3+4ﬂ4j ®)

3y ,m &0 - -~ 4\,(4) 81 § %
ey Lazpedp 2 p enyo( oS D aeSen )

As a result of associating the left and right sides of equation (8), the result would be,

B+ Ly + P+ P+ Py =4,
425,434,445, = .

27 9 16 64
_"‘2,32 +_ﬂ3+_ﬁ4 :E!
81 8 27 64 256
N gﬂz — 5 %54 YR
The coefficients S obtained as follows,
1 7 3 37
ﬁo_%1 /82__4_8’ ﬂs_Zv ﬂ4_%'

Hence, the formula could be expressed as
37 3 7 1
+h F.+-F.,;——F.,+—=F |
yn+4 yn+3 (96 n+4 4 n+3 48 n+2 96 nj
By choosing the value n=n-3, the first point of corrector formula for DBM method is obtained,
37 3 7 1 j

+h F.+—F-—F ,+—F .|
yn+1 yn ( 96 n+l 4 n 48 n-1 96 n-3
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Calculated based on the LMM, the corrector formula for the second point of the DBM method

yields,

k=2 Kk k-5 k-3 k
Y ayt+ih)+> ay(t+ih)=h> By (t+ih)+h> By (t+ih)+hD_ By'(t+ih).
i=3 i=k i=0 i=2 i=4
With k =5as the step number, the following will be:

3 5 0 2 5
Zaiy(t+ih)+2aiy(t+ih) = hZ,Biy'(t+ih)+hZﬂiy'(t+ih)+hZﬂiy’(t+ih),
i=3 i=5 i=0 i=2 i=4

a,Y(t+3h)+a;y(t+5n) =hg,y'(t) +hB,y'(t+2h) +hB,y'(t + 4h) + h5,y'(t +5h).
Hence, letting o, =—1and o =1,
—y(t+3h)+y(t+5h) =hgy'(t)+hs,y'({t+2h)+hg,y'(t+4h)+hgy'(t +5h),
y(t+5h) = y(t+3h)+hgy'(t) +hg,y' (t+2h) +hg,y'(t +4h) + h Ay (t +5h).
Taylor series will expand y(x)and y ().

625

125
h4 @t
24 ®),

h3 mt
5 y"(t) +

y(t+5h) = y(t) +5hy’(t) S hzy"(t) +22
y(t+3h>=y(t)+3hy'<t)+§h2y"(t)+ h3y"'(t)+ h“ Yy (t),
y’(t+2h)=y'(t)+2hy”(t)+%h2y”’(t)+gh3y<“’(t),
y'(t+4h) = y'(t) +4hy"(t) + ? h?y"(t) + % h*y® (1),

125

y’(t+5h):y'(t)+5hy”(t)+ h2 y"(t) + —=h3y“(t).

9)

Since the method order is four, the terms of Taylor series are truncated at the fourth derivative.

Hence, replacing the expansion for the equation (9) and acquiring,
YO +5hy'®) + 2y + oy + Ry

= YO +hy (1) (3+ B+ B, + B+ o) + hzy"(t)( 128, +4f, +5/35j

81 8 125
i)

ey Se2p s R ps B entyo e+ p s

Associating the left and right sides of the equation (10) could yleld,
3+ Lo+ Bt Bat fs =

g+2ﬂ2+4,84+5,85 25,

27 125
_+2ﬁ2 +_ﬁ4+_135 :?’

81 8 125 625
267" =y e

Thus,

1 1 19 4
ﬂo—_%’ ﬁz—g’ ﬂ4—ﬁ’ ﬂs_E

The formula can be written as

Menemui Matematik Vol. 45(2) 2023

(10)

211



Nur Auni Baharum, Zanariah Abdul Majid, Norazak Senu and Haliza Rosali

4 19 1 1
=Y th =F s +—=F..,+=F.,-——F |
yn+5 yn+3 (15 n+5 12 n+4 6 n+2 60 nj
After letting n=n-3, the corrector formula for the second point of the DBM method can be

obtained as follows,

4 19 1 1
=y, +h| —F ,+=—F ,+=F ,——F, . |.
yn+2 yn (15 n+2 12 n+1 6 n-1 60 n—3j

The corrector formula of DMB:
7 3 37 j

1
=y +h| =F ,-—F ,+>F +—F
yn+l yn (96 n-3 48 n-1 4 n 96 n+l

1 1 19 4
=y +h|—F ,+=F ,+—F _ +—F |
yn+2 yn ( 60 n-3 6 n-1 12 n+l 15 n+2j
(11)

The first point predictor formula based on the LMM, can be created using the same procedure as
follows,

4 2
>ayt+iny=hd gy'(t+ih),
i=3 i=0
and for the predictor formula's second point,
3 5 2
Y ayt+in+ Y ayt+in)=hy Ay'(t+ih).
=3 i=5 i=0

Hence, the formulae for predictor would be identified as follows:

yn+l = yn +h § l:n—l _E anz +§ Fn—s )
12 3 12 (12)
37 50 19
Yoo = Yot h(? Fa 3 Fo +§ F 3}-

ANALYSIS OF THE METHOD

Using the matrix difference equation defined below, the order of the proposed method could be
determined,

aY, = phF,, (13)
where,
[ Vos | (Fos |
Yn-2 F
Y, = Yoa | Fu= P |
Ya F,
Yot Fo
| Yne2 | Foa

The DMB method indicated in the form of a linear multistep method (5). The equation (6) can be
represented in its general form as

L[y (t);h] =C,y(t) + Chy'(t) + C,h*y"(t) +...+C ,hPy P (t) +...,
whereas,
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k AP kA (p-D)
cpzzd o 9" A o012, (14)
io P! = (p-D!
The vector columns of the matrices, a, and S, generated by the DMB method.

Definition 1.

WhenC,=C,=...=C_,=C =0and C_,, #0, the LMM takes p as the order of the method.

p+l

Thus, the developed method is written in matrix difference form as (13),

Yo a Fs |
hel Lo 7033 R
{0 00 -11 0} You |_p| 96 48 4 96 Foa |
000 -10 1y, 1, 1 4,19 4)F
Vo, 60 6 12 15]| F
| Yniz | _Fn+2J

Equation (14) is used to identify the order of method,

5 0
C, :Zaad =o,to+o,+o,+a,+ag,
d=0 Y:

Lollal Lol o) Lol

1 - 0 = 3 =l o 0
1y 96 L 48 2|+ 96 | 4 ll=
of |1 lol"] 2 gl
60 6 12
S d%a, d
C, = d d,
2 dZ; 21 dZ; 1
0 0 -1 0
T R R I +47| " |+5°
210 |0 0 -1 1
1/.]0 = 3 o 0 0
—=1] [+2 48+34+496+54 =
| R S A ECR R P
6 | 12
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d=0 -
0 [0 -1 0
EA PRI R I +3° +4% " |+5°
3" [o] " o] T |1 1
1|.,[0] — 3 o 0 0
22| v B ym 4 |+47 % | 5 4 =] _|
21170 7| 1 ol |2 5] o
6 12 |
5 d40( 5 3ﬂ
C = d _ d,
) dZ; 41 dZ; 3!
0 0 -1 1 0
T R PP g e +4* " |+5*
4! 0 0 -1 0 1
7 37
1) o[0] o738 | ol 2| olo6 || || [0
—— +2 +3°| 4 |+4 +5° 4 ||=
31 |0 1 ol 2] |
6 12
S d%x, d?
C = d _ d’
° § 51 dZ; 41
0] 0] -1 1
LYo +3° +4°| " |+5°
5710 o T -1 o
A o _I 3 37 ol] |23
al L") 1 g e AT 1=
L 6 12 180

while C; #0.

:
e o[- BT
1440 180
By referring to Definition 1, the DMB method has order four, with C, being the error constant
vector. In the similar procedure, by checking the order for the predictor formula in (12), the

calculation process revealed that C, =C, =C,=C,=0and C, =C_, # 0.This conclude that the

;
predictor formula satisfies the order three condition and the error constant is C, = {—% 9} :

Definition 2.
The method is considered as consistent if has at least one order method.

Since the DBM method is fourth order method, thus this method can be concluded as consistent.
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Definition 3.
If the first characteristics polynomial p(r)have roots such as |r; [<1 and the multiplicity of the

roots must not exceed two, the method can be considered as zero stable,

k . .
p(r)=det > APr« D=0
j=0

The DMB method could be expressed in matrix form as follows:

1 0] 01
A()YM _ AJ_YM . — yn+l _ yn—l — 0
O l _yn+2 0 1 yN

The following are the first characteristics polynomials to describe the zero stability:

,o(r):det|A°r—Al|:de{1 0}{0 1}:r(r—l).

01 01
The roots r is | r; [<1, hence the method is zero stable.

Definition 4.
It is said that a method is convergent if it is consistent and zero-stable.

DMB has been proven to be converging as well as zero-stable and consistent.
IMPLEMENTATION

This study uses three components for solving the VIDED, i.e., initial value problem, delay solution
and integral part of the VIDED. The DMB, which is built on predictor-corrector formulae in
PE(CE) mode, will be used to approximate the two-point solutions simultaneously. Before
complying with the proposed method, it is necessary to approximate the initial points.

This study considers the problems of VIDED with constant delay type. The proposed method

is implemented in C code to approximate the numerical solutions. When determining the delay
solution, it may require locating the delay arguments. The delay solution, y(t—7) depends on

where (t—r7) is located. Since the implementation is constant step size, the location could be
associated with the previously approximated solution. In addition, the initial function, ¢(t)
computes y(t—7) if (t—7z)<t,. The approximate solution for VIDED is computed using the

DMB method for solving the ODE component of the VIDED.

Since explicitly solving VIDED is impractical, the specific Newton-Cotes rules have been
associated with dealing with the integral component of this equation. The formula used by the
Newton-Cotes rule is the composite Simpson rule, which could be expressed in the form of:

n+1

h& s
Zy ZEZQ K(tn+l'ti J yi)’

i=0

n+l

haot h
Zn+2 = Eza)l K(tn+1’ti’ yi)+€(K(tn+2’tn+1’ yn+1) + 4K(tn+2’tn+§! yn+§) + K(tn+2’tn+2’ yn+2)]’
2

i=0 2

where »’ are Simpson's rule weight,1,4,2,4,...,2,4,1. The undetermined evaluate of y , is
n+—
2
estimated via quadratic interpolation.
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1 5
yn—l -

y 3= Sy 2y ey
s 16 167" 16°"™ 16°"*

As mentioned in the algorithm below, the procedure is repeated until the end of interval.

ALGORITHM
Stepl @ Set

b-a
N, t,=a, t,=b h g Yo = Y(t,), z, =2(t,, y(t,)).
Step2 : When n=0,
Calculate y(t—7)and F,.
Step3 : When n=1 2,3,
Calculate t, =t, +nh, and evaluate the initial values with Runge-Kutta method

and Simpson's 1/3rule.
Calculate y(t, —7) and F,.

Step4 : Whenn=3 5,7, ..
Fori=1, 2,
Evaluate t_ , =t +ih,
Step 5 : Determine the approximate predictor value for y" . using the derived

predictor formulae of DMB method in PE (CE ) mode.
: Compute y(t—7).

. To approximate the integral part, apply the composite Simpson's
rule.

: Calculate F."..
Step 6 : Calculate the approximate solution, y; . using
the derived corrector formulae of DMB method in PE (CE ) mode.
. Calculate y(t—7).
. To solve the integral, use the composite Simpson's rule.
. Calculate F*

Step7 : Goto Step 4 and repeat until N .
Step8 : OUTPUT: (t,y)

STABILITY REGION

The following test equation is used to obtain the stability region for the constant delay type:

t
y'(t) =&yt—7)+v] y(u)du. (15)
Assume 7 =mh, where the internal staged are not required to estimate y(t—7)and substitute
y(t—7)=Y,_,. The expression of the DBM method in the matrix form given as,

2 2
ZA(YN+I< = hz Bk FN+k’
k=0 k=0

AOYN + AlYN+1 + AZYN+2 = hBo FN + hBlFN+l + th FN+2
where,
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i F F F
YN — yn3:|' YN+1 :|:ynl:|' YN+2 |:yn+lj| FN :|: n3:|’ FN+1 :|: n1:|’ FN+2 :|: n+1j|’
L yn—2 yn yn+2 Fn—Z Fn Fn+2

10 7 3 37

0 0 0 -1 10 926 48 4 92
= y Iy = y v = yB: ’B: 'B:
welo o Aclo S Al e bae  d e
60 6 12

From the test equation (15),
y'(t) = Ey(t- f)+vj y(u)du,

t
Fv =Yaim +v_|.0 y(u)du,
where the Simpson's quadrature rule will be insert at the integral part,

t 1 4 1
.[0 y(u)du = h(éYNZ +§YN—1 +§YN ]
Then, apply the test equation to the DMB method and obtain the result as follows,
1 4 1
AYy +AYy .+ AYy,, =hB; (gYNm +vh (éYNZ + gYN—l +§YN jj

4 1
+hB (QZYM1 0 +vh(3YN l+3Y +3YN+1B

+hB (gYN+2 m+Vh( Y +2YN+1+;YN+2JJ’

Rearranging the equation yields

(AZ—%vh B j N2 (Al—%vthl—gvh B j Nl (Ab—%vtho—gvh B, ——vh B j

+(_thzBo _%thBleNl +(_%VhZBO)YN2 —&NB,Yyoom —ENBYy 1 m —EhByYy . =0.
Replacing H, =¢&hand H, =vh?,
1 1 4 1 4 1
(Az —gH B JYNQ (Al—g H,B, - 3 —H,B jYNﬂ ('Ab _gHzBo_gHzBl_gHzBZJYN
4 1 1
+(_§ HZBO _§ HzBleN-l J{_g HZBOJYN—z - HlBZYN+2—m - HlBlYN+1—m - HlBOYN—m =0.

The stability polynomial will determine as follows.

7Z'(H1, Hz;r) = det E(Az —%Hszjrmﬂ +£A1_%H281_2H282jrm+1
1 4 1 m 4 1 .
+[A\J_§HZBO_§H251_§H282)|’ +(—§HZBO—§HZBJI’ !

+(—% HZBOJ r"?*—H,B,r*—H,Br* —H,B,r° ] =0,
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;z(Hl,Hz;r)zir”H§+ier 318 r*H, - 17s7 23Hz—?’—lerZHz—ﬁrl“Hl
720 80 1440 1440 180 480

L 37 F2 97 (22 97 F22 15997 P 139 iy
3240 2160 108 6480 108

1417 20H22 103 ronz—ﬂrlgsz-l- 13 r19H2 1 18H2
1080 1440 432 1440 405

00 ey 37 e BLiny 88350 13 1,
96 360 96 720 480 90
540 1080 60 540" 270"

+ir9HlH2 +r*—r®=0.
120

Figure 1 illustrates the stability region of the proposed method by replacing r =cosé@+isiné
where 0<@ <2z and r =-1, 0, 1 in the stability polynomial. Upon replacing r =cos@+isin@,
complex equation will be produced. The real and imaginary part have been solved simultaneously
and determined the dot points that appeared in the region.

The shaded region represents the stable region for the proposed method while all the region
outside the stable region is unstable. The stable region can be identified by identifying the set of
roots where | r|[<1, otherwise it would be considered unstable.

-0.6 -0.4 -0.2 0.2 0.4 0.6 0.8

~0.4

-11 H2

Figure 1: Stability region of DBM method.

RESULTS AND DISCUSSION

This manuscrlpt uses the following abbreviations:

h : Step size.

TS X Total steps taken.

FCN : Function evaluations.

Time Execution time taken in seconds

MAXE: Maximum absolute error.

RKS : Runge-Kutta method of order four with Simpson’s 1/3rule.

ABM : Adam-Bashforth-Moulton three step method with composite Simpson’s rule.

DMB : Diagonally multistep block method with composite Simpson’s rule proposed in
this study.
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Several numerical problems are presented to evaluate the efficacy of the proposed approach.

Problem 1
Consider Zaidan (2012),

4
y'(t) :1—%+I;t uy(u-21) du,

o(t) =t+1,

-1<t<0.

Theoretical solution: y(t) =t+1where 0<t <1.

Table 1: Results of computations in solving Problem 1.

h Method MAXE FCN TS Time
RKS 8.133056e-03 40 10 0.023282
10 ABM 3.316111e-03 27 10 0.023690
DMB 1.884408e-06 11 7 0.010282
RKS 1.546064e-02 400 100 0.074236
107 ABM 4.058577e-04 297 100 0.025358
DMB 1.875078e-11 101 52 0.014450
RKS 1.654211e-02 4000 1000 0.595076
10°° ABM 4.155586e-05 2997 1000 0.038147
DMB 4.440892e-16 1001 502 0.019876
RKS 1.665417e-02 40000 10000 3.673743
107 ABM 4.165556e-06 29997 10000 1.056073
DMB 1.643130e-14 10001 5002 0.539982
10° 10°
W= 0------ o ----- © - R G -----~ o]
107° e . 408 T
w --RKS w -0-RKS
2 ~+ABM % . +ABM
= DMB = DMB
10710 10-10
10°18 1015l ]
10° 102 107" 10° 10"
Function evaluations Execution time taken
Figure 2: The efficiency curve for Problem 1.
Problem 2
Consider Salih et al. (2010),
y'(t) =1+t +t? —ty(t—l)+.[texp(t—u)y(u —ljdu
2) b 2)
1 1
=t4+=, —Z<t<
) t+2, 2_t_o.
. . 1 1
Theoretical solution: y(t) = exp(t) —Ewhere te {0, ﬂ .
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Table 2: Results of computations in solving Problem 2.

h Method MAXE FCN TS Time
RKS 1.663650e-03 40 10 0.025499
5e-02 ABM 5.055619e-04 27 10 0.024292
DMB 5.716653e-05 11 7 0.010994
RKS 2.735074e-03 400 100 0.066722
5e-03 ABM 5.833119e-05 297 100 0.026718
DMB 5.540669e-08 101 52 0.016108
RKS 2.872346e-03 4000 1000 0.572643
5e-04 ABM 5.920416e-06 2997 1000 0.154679
DMB 5.556938e-11 1001 502 0.075953
RKS 2.886375e-03 40000 10000 8.292226
5e-05 ABM 5.929326e-07 29997 10000 12.133309
DMB 4.807266e-14 10001 5002 6.018065
10° 10°
e--=--- O-=-=-=--- &----- © o--O======-- O---=--=-=-=-= o
~2I ;
1078 Sr— S 105 R —
o ©-RKS T N ~o-RKS
~+ABM z ~ABM
DMB = DMB
10710 1 10710
0 | | 10° 10-1150'2 I 100
Function evaluations Execution time taken
Figure 3: The efficiency curve for Problem 2.
Problem 3

Consider Salih et al. (2014)
y'(t) = %(1—t +exp(t))—ty(t —%) + I;exp(t —u)y(u —%jdu,

¢(t):exp(t)—%, —%gtso,

Theoretical solution: y(t) =t+% where t € {Oﬂ
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Table 3: Results of computations in solving Problem 3.

h Method MAXE FCN TS Time
RKS 2.747701e-03 40 10 0.025013
5e-02 ABM 6.616172e-04 27 10 0.025648
DMB 2.952084e-05 11 7 0.012541
RKS 4.261864e-03 400 100 0.068041
5e-03 ABM 7.901441e-05 297 100 0.026290
DMB 2.853821e-08 101 52 0.017451
RKS 4.445272e-03 4000 1000 0.572060
5e-04 ABM 8.028347e-06 2997 1000 0.158862
DMB 2.844180e-11 1001 502 0.084439
RKS 4.463936e-03 40000 10000 9.917162
5e-05 ABM 8.041090e-07 29997 10000 12.646411
DMB 3.663736e-14 10001 5002 6.084151
10° 10°
S g S °
10 e 105 . e
T [TRes w O\ " o-RKS
=~ ABM § 7 -+~ ABM
DMB = DMB
10710} 1 10710
-1 ‘ ‘
o 10° 10-1150'2 - ‘1‘50
Function evaluations Execution time taken

Figure 4: The efficiency curve for Problem 3.

Table 1 — 3 represent the computational performances of DMB, ABM and RKS in terms of
accuracy, total function calls, total steps taken and execution time. It can be observed that the DMB
achieved better performance compared to ABM and RKS. The proposed method, DMB, is
inexpensive compared to the ABM and RKS in terms of total function evaluations. Therefore, the
lesser function evaluations gave an advantage in terms of timing for DMB. The maximum error is
lesser in DMB compared to ABM and RKS. The efficiency graphs of the numerical results can be
referred in Figure 2 — 4.

CONCLUSION
The numerical results revealed that the advantage of DMB in obtaining better accuracy, faster in
terms of the execution time, decreases the total number of function evaluations, and demonstrates

better performance than the ABM and RKS. Therefore, the proposed method is recommended as
an alternative well-performing iterative solver.
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