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ABSTRACT
In this work, we consider a Timoshenko equations with degenerate damping term. We prove the nonexistence of
global solutions with arbitrary positive initial energy. This result is extensions of earlier results.
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INTRODUCTION AND PRELIMINARIES

In this work, we focus on the nonexistence of solution in finite time for the following problem
U, +Au+M (||Vu||2)(—Au)+|u|‘9 i'(u) ="y, (xt)eQx(0,T),
0

u(x,t):a—vu(x,t)zo, (x,t)e0Qx(0,T), 1)

u(x,0)=uy(x), u(x0)=u,(x), xeQ,

where 1<q <o, $>0and Q is a bounded domain in R" with a smooth boundary 6Q2. j(s) isa
continuous, convex, real-valued function defined on R and j'(s) is derivative of j(s) (Barbu,
1976). M (s)is a function for s>0 satisfying

M(s)=1+s", y>L1.

In (Woinowsky-Krieger, 1976), Woinowsky-Krieger firstly proposed the so called Beam
equation or Timoshenko equation model

ou  ou | ou o%u ou
——t—+| a+ B || =—dr || -—— |+ 9| — |=0, 2
o o [“1 Alls Tj[ axzj g(atj @)

0
for g =0, where &, B, >0 are constants and u(x,t) is the deflection of the point x of the beam
at the time t.
When 9=0 and j'(u,)=|u|""u,, (1) become the following equation

U, +A%u+M (||Vu||2 )(—Au)+|ut|p_2 u =y 3)

In [(Esquivel-Avila, 2011), (Esquivel-Avila, 2013)], Esquivel-Avila showed the global attractor,
convergence and unboundedness of solutions for the equation (3). In (Piskin, 2005), Piskin studied
the existence, decay estimates of solutions and blow up of solutions with negative initial energy
for this equation. Then, Piskin and Irkil (Pigkin and Irkil, 2016) proved blow up of solutions with
positive initial energy for this equation. Recently, Periara et al. (2019) and Piskin and Y liksekkaya
(2018) studied this equation in case of p=2. Periaraetal. proved existence of the global solutions

through the Faedo-Galerkin approximations and studied the asymptotic behavior by using the
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Nakao method. Pigkin and Yiiksekkaya proved the blow up of solutions with positive and negative
initial energy.

When problem (1) without fourth order term A”u and M =1, problem (1) can be reduced
to the classical problem

U, —Au+ul” (u) =]ul"u. (4)
It is worth noting that problem (4) has been widely investigated by numerous authors and several
results concerning nonexistence, asymptotic stability, existence and uniquness of solutions under
consideration of relation between exponent of the source term and exponent of damping terms (see
references in Barbu et. al (2007), Barbu et. al (2005), Barbu et. al (2005), Hu and Zhang (2007),
Xiao and Shubin (2019)).

It should be noted here that Eq.(4) with Kirchhoff-type and fourth order term A%u is quite
different from those types of mentioned research work above. As far as the author knows, our
model is a generalization of what (4), but our model is quite difficult and particularly interesting
due to Kirchhoff-type and A”u term and has not been discussed before. There is not other result
on about solutions of Timoshenko problems with degenerate damping terms.

The object of this paper is to state and study nonexistence of weak solutions (1) under the
sufficent conditions on the arbitrary positive initial energy in the main result by using an idea used
in (Xiao and Shubin, 2019). Now, we present some preliminary material which will be helpful in
the proof of our result. In order to simplify the notations, we denote

=M@ M=Hee

As in Barbu et. al (2007), Barbu et. al (2005), Hu and Zhang (2007), Xiao and Shubin
(2019), we give the following assumptions.

Assumption (A) :

e 9 p,q=0.In addition, 93%, qsﬁ, if n>3;

e j'(a) isasingle valued and |j'(a) <¢lal’;

¢« (IM@)-iA)a-p)zala—p"",
where c,, c, are positive constants for al o, SR
Definiton 1.1: Suppose that u eC([O,T];Hé(Q)ijv([O,T];L2 (Q))) which satisfies

M(||VU||2)AUELz(“l)(Qx(O,T)), u, and |u]” j'(u)e?(Qx(0,T)) is said to be a weak
solution to (1) if the following variational equality holds:
(un,¢)+(A2u,¢)+((1+(IQ|VU|2 dx)ijU,quj (I |u| () dX, qy):(f ™ “udx, (p)

forany g e LZ(Qx(O,T)), and for all t e(0,T] and initial data u, (x) € Hg (Q2), u,(x) e L*(Q).
We introduce the energy function such that

E(t)= ||u I+ (IIVUII +auf’ ) =l
Lemma 1.2: Let E( ) be a energy functional of problem (1), then we have

I|u| i'(u,)udx. (5)
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Proof:
By multiplying equation (1) by u,, integrating over Q. Then, we get

[LE(e)dr=—] [ Ju]" j'(u,)u,dxdz,

E(t)-E(0)=—[ [ |u]" j'(u,)u,dxdz for t>0.

NONEXISTENCE OF GLOBAL SOLUTIONS

In this section, we need the following lemma to prove our main result.
Lemma 2.1: Let 9, p,q,c, be constants, g> %+ p =1, and

s G ($+p+1)(8+p-1)
(D)= =y

a(L)=[<K<L>+2)((K(L)—z)a—%(‘g*p”)(q“g‘p)ﬂz.

L(p+1)(q-1)
Then, there exists L, >0 such that (L) is well defined on [L,,+), and the following equality

1
K (L) — pCO LP ’ (6)
a(L) (p+1)c
holds for some constant L on (L, +x).
Proof:
Let

C,($+p+1)(q—9-p)
L)=(K(L)-2)4 —
LOZCO(9+ p+1)(19+2p—1)>o

(p+1)(a-1)

Obviously, K(Ly)=2, K(L)>2 forany L> L, and
(a-9-p)(a-1)
9+p-1

On the other hand, noting that

a(L)—-

<0, as L L, (7)

a(L)—>(q-1)4 >0, as L —>+xo,
which combined with (7) and the fact that o, (L) is increasing on (0,+«), yields that «, (L) =0
possesses an unique solution L, on (L0,+oo). Noting that K(L)+2>O for any L>L,, then

a(L)>0forany L>L,, which means (L) is well defined on [L,,+x).
At last, by a straightforward calculation, we can obtain that

K(L 2 K (L =
im X P o K e 5
SLg(L) (p+l)g L g (L) (p+1)c,
Then, by means of the mean value theorem for continuous functions the equation (6) has a root L
on (L;,+x). Thus, the proof of the lemma is complete.

Our main result reads as follows:
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Theorem 2.2: Assume that (A) and ¢ >3+ p =1 hold. Let u,(x) e Hy(Q), u,(x)e L*(Q) and
u is a local solution of the problem (1). Also, if E(0)>0 and

(U, 1) > LpﬁE(O), (8)

then the weak solutions to (1) blow up in a finite time, where L is the root of the equation (6).
Proof: We assume that u is a global solution and we arrive at a contradiction. For this aim

F(t)=[ul"

Direct derivation of F(t), we have

F'(t)=2(u,u,).
Noting that u, € H‘l(Q) for all 0<t<T, the standard approximation argument shows that
F"(t) exists and

F"(t)=2(u,u, )+ 2||ut||2
=2u |’ = 2Aul’ - 2|vul’ - 2|Vl +2|u

Lo+

- ZJ lul” j*(u, )udx.
Set
= 2pc,
M (t)=F'(t)—nE(t), n=L"P
(H)=F (1) -nE(1) on
Step 1: We prove the fact that
M ()= M (0)e"" >0,  lim M (t)= . (10)

It follows from (9), the energy equality (5) and assumption (A) that
d

al\/l (t)=F"(t)-nE'(t)

=2|uf -2l -2 ulf ~2|vu[" + 2u

(9)

g+l
Lq+1

—2I0|u| i"(u, udx+77'[g|u| j'(u,)udx (11)

q+1
Lq +1

> 2Ju | ~2fauff ~2[vul ~2|vul" +2]u
-2¢, J.Q|u|
By means of the Holder’s inequality and Young’s inequality, we obtain

LIl = [ Juf" o ol u, | dx
1 P
<([ ™ ax) P (ol o dx)p” (12)

" 9+ p+1 p p+l
p+15" 1“ | dx+p+15 C J. |u| lu,|" dx,

for 6> 0. Substituting (12) into (11), (11) becomes such that

9+1

lu,|” dx + 7701L2|u|‘9 Ju "™ dx.
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d +. +:
oM (V)2 2Julf ~2Jauf ~2|vuf -2+ 2ful
4 (13)
2C ¥ .9+p+1 2¢c,p e 9 p+l
_p+1 plj Jul™ " dx + [771 ﬁ& P J'[QM |u,|" dx.
Observe that the function
y
g(y):%, a>0, a=1 y>0 (14)
Is convex and note that for q> 9+ p>1,
q-9- P p+19—1:l,
g-1 g-1
p+9+1=2%+(q+1)pq%‘91_1.
By the properties of convex functions, we have
juf” " q p p+9-1 g1
< —_— dx. 1
I03+ p+1 = 2(q-1) jﬂ' | (q+1) q-1) I ™ ax (15)
From (13) and (15), we can obtain
d

g+l
Lq +1

MO 2uf -2)auf - 2|vuf ~2vuf + 2Ju

_2c0(p+3+1)(p+3 1)

gq+1

L(p+1)(a°-1) ol
_Co(p+3+l)(q—9—p)||u||z
L(p+1)(a-1)
>2||u I -2fjaul ~2|vul’ —2[[vul*™
2K (L )” g1
gl T

_ o(p+‘9+1)(q_‘9_p)”u”2
L(p+1)(q-1)
Recalling E(t), Poincare’s inequality, and K(L)>2(y+1), it holds
d

9 (0)2 (2 K (L)) + (< (L)-2)ulf (K (1) -2) v

(p+8+1)( )” ”
L(p+1)(a- )
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iM(T >(2+K(L))Ju] -2K (L)E(t)

dt
( Co(p+19+1)(q—l9—p)}”u”2

L(p+1)(q-1)

2+K(L)) a, (L) (u,u)-2K (L)E(t)

K (L L
It follows from ( ): PG, LP that

a(L) (p+l)c,
%M(t)Za(L)M(t).

The condition (8) guarantees M (0) > 0. Thus, it yields (10).

Step 2: We assume that u is a global solution and we arrive at a contradiction. From the
expression (9) that

(t)=[uo|f + [;F*(z)de
> g+ [ M (2)de (16)

> lu [P + (O)e“ .
ol oy (o)

p+9+1 _| |p+8+l t | |p+9+l dr
odr
then by a straight forward calculation, we have

J’ |u|p+3+ldX:J’ |u0|p+3+ldX+J' J‘ti|u|p+9+ldrdx
Q o alogr

< L2|u0|p+8+1 dx -+ ( p+,9+1)J'(:_|'Q|u|9+p u.

Note that

Ju

(17)

. t 9
Now, we estimate L IQ|u| Pl

assumption

(A) and the Young’s inequality, we obtain
t 9+p t |9+ p,i 8
IO jg|u| u :I I ul ™" ez |ufet|u,|dxd 7

< (T o)

1
p+l
)p+l d r

T

p+9+l

<—Iwmﬁ41(1w| .o, 0)P d
p(p+9+1
o [y [l (w2 dx)"“
p(p+9+1) 1

1

(oo (j_[ uf” j*(u, )u dXdT)p+l
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for &>0. Since E(t)>0, from the energy identity (5) we get j;jg|u|3 j'(u,)u.dxdz <E(0),
then it follows that

t + +9+ . ,
IOIQ|U|3 P LPJZ:LS,,I +C t"_H. lul” j*(u, )u,dxdz s
<o ull ) +CE(0),
for O<e< . Substituting (18) into (17), it follows that
p+9+1
P 1

lu o) < C|ug| g +CtP*HE(0)pes1, VE>O0.
Since p+9+1>2 by H(‘jlder’s inequality it holds

| OtL2 |Q| p+9+l ”u (oL )

p+9-1 P 1 (19)
< ClQa(p+s) (||u0||Lg+,,ﬂ +tPHE(0) pm] V> 0.

where |Q| denotes the Lebesgue measure of Q. From (16), it holds
coce) =l +C (e -1), vE>0. (20)
Both the facts (19) and (20) hold, provided that

Ju

e p
oo+ C (" -1)<cleinsh {nuo tE<o>] >0

which is a contradiction when t is sufficiently large. Thus, the local solutions blow up in a finite
time. The proof is complete.
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