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ABSTRACT

Let f(x,y) be a polynomial in Z,[x,y] and p be a prime. For @ > 1, the exponential sums associated with f
2mif(x)

modulo a prime p“ is defined as S(f;q) =Y e 4 , where the sum is taken over a complete set of residues modulo
p®. It has been shown that the exponential sums is depends on the cardinality of the set of solutions to the
congruence equation associated with the quartic polynomial f(x,y). The objective of this research is to estimate the
exponential sums for quartic polynomial at any point (x — Xy, y — V) restricted to some conditions. p-adic methods
and Newton polyhedron technique is used to estimate the p-adic sizes of common zeros of partial derivative
polynomials by constructing and analyzing the indicator diagram. The information of p-adic sizes of common zeros
that obtained is applied to estimate the cardinality of the set N(g, h; p®). The result of the cardinality is then used to
estimate the exponential sums of the polynomial.
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INTRODUCTION

We use the notation of Z, as the ring of p-adic integers, Q, is the completion of the algebraic
closure of O, the field of rational p-adic numbers and ord,x as the highest power of p which
divides x. Research on finding the best possible approach to estimation of the exponential sums
has become one of the main subjects in number theory problem. Loxton and Vaughn (1985) are
among the researchers who investigate this problem. They found that estimation of S(f;q)
depend on values of |V], the number of common zeros of partial derivatives of f with respect to x
modulo q. Since then, Mohd Atan (1986) started to investigate more on the explicit estimation
of S(f; q) by using lower degree polynomials, hence introduced Newton polyhedron technique to
find the p-adic sizes of common zeros. Indicator diagram is constructed and being analysed.
Then, Mohd Atan and Abdullah (1993) considered a polynomial of cubic form and obtained the
p-adic order for the root (§,n) of this polynomial. After that, Chan (1997) worked on a
polynomial of quartic form while Sapar and Mohd Atan (2002) estimate the cardinality of the
sets of solutions in the cases where overlapping occurs at vertices of two segment on the
indicator diagram associated to second and third degree polynomials. Sapar and Mohd Atan
(2009) and Sapar et.al (2014) used the Newton polyhedron technique to estimate the p-adic sizes
of the polynomials under considerations. In 2011, Yap et. al concentrating of finding the

cardinality of the set of solution associated to a polynomial of cubic form.
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p-ADIC ORDERS OF ZEROS OF A POLYNOMIALS

In this section, we focus on finding the p-adic sizes of common zeros of polynomials associated
with quartic polynomial restricted with conditions of ord,ac? > ord,b*. We need the following
definitions and theorem developed by Mohd Atan (1986).

Definition 1: Let f(x,y) = ¥ a;jx"y/ be a polynomial of degree n in Q,[x,y]. By mapping the terms
T;; = a;x'y’ of f(x,y) to the points P;; = a;;x'y’ in the three-dimensional Euclidean space R*. The
set of points P;; is defined as the Newton diagram of £ (x,y).

Definition 2 (Newton Polyhedron) : Let f(x,y) = ¥ a;;x'y’ be a polynomial of degree n in Q,[x, y].
By mapping the terms T;; = a;;x'y’ of f(x,y) to the points P;; = a;;x"y’ in the Euclidean space, the
Newton polyhedron of f(x,y) is defined to be the lower convex hull of the set S of points P,
0 <i,j <n. It is the highest convex connected surface which passes through or below the points

in S. If a;; = 0 for some (i, ) then ord,a;; = co.

Definition 3 (Indicator Diagram) : The set of lines associated with the Newton polyhedron,
denoted by N;. Let (u;,1;, 1) be the normalized upward-pointing normals to the faces F; of N;, of a
polynomial f(x,y) in Q,[x,y]. The point (u;, ;1) is mapping to the point (u;, 1;) in the x — y plane.
If F. and F; are adjacent faces in Ny, sharing a common edge, we construct the straight line joining
(tr, A) and (ug, A5). If F. shares a common edges with a vertical face F say ax + By =y in Ny, we
construct the straight line segment joining (u,,4,) and the appropriate point at infinity that
corresponds to the normal F, that is the segment along a line with a slope - a/g.

Theorem 1: Let p be a prime. Suppose f and g are polynomials in Z,[x, y]. Let (1, 1) be a point of
intersection of the indicator diagrams associated with f and g at the vertices or simple points of

intersections. Then, there are ¢ and n in Q2 satisfying f(&,17) = g(§,n) = 0 and ord,¢ = py, ordyn =
HUa.

p-ADIC ORDERS OF COMMON ZEROS IN THE NEIGHBOURHOOD OF (x,,y,)
WITH THE CONDITION ord,ac* > ord,b?

In this section, we will estimate p-adic orders of common zeros of partial derivative polynomials
associated with a quartic polynomial of the form f(x,y) = ax* + bx3y + cxy® + dy* + rx + sy + ¢
under the condition ord,ac* > ord,b®. We first prove the following lemmas as we will apply
them in the proof of theorem.

In the following lemma, show that the partial derivative polynomials associated with f(x,y) =
ax* + bx?y? + cxy® + dy* + rx + sy + t can be rewritten into a simpler form by the transformation
method of Sapar and Mohd Atan (2009)
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Lemma 1:Let f(x,y) = ax* + bx*y* + cxy® + dy* + rx + sy +t be a polynomial in Z,[x,y] with
2 3
p>3. Let 2 be a constant such that ”’:—aw -3 (ﬂ) =0 and &2 _ (ﬂ) =0. Then

6a 4a 6a

VANRE
(fx + lfy)(x,y) =4a [x + (5) y] +r+41s.
Proof:
From f(x,y) = ax* + bx?y? + cxy® + dy* + rx + sy + t, we have

fe(x,y) = 4ax®+ 2bxy* + cy®* +r and f,(x,y) = 2bx?y + 3cxy? + 4dy® +s.

Thus,
(e +2)y) (bl) b2 bay? r+As
BB w0 s (G oG o )
4a X 6axy+ 6a xy+6ay+4a
L [?b+32e 3(b/1)2 2, [c+4d <b/1)3 ;
4a 6a) | 4a 6a) |7

. 2b+31 bA\? 4id  (bA)3
Since % -3 (—) =0and &2 (—) =0, we have

(fx + lfy)(x,y) = 4a [x + (%) yr + 7+ 1s.
O

Throughout the ensuing discussion p(x) and q(x) will denote polynomials in Z,[x] of the form
p(x) = b3x® — 216a*dx — 54a’c and q(x) = b%x? — 9acx — 6ab respectively. Lemma below gives
the condition that ensure the existence of common zeros for p(x) and q(x).

Lemma 2 :Let p(x) = b3x% — 216a%dx — 54a%c and q(x) = b?x? — 9acx — 6ab be polynomials in
Zy[x,y] with p > 3. 1f 2b° + 27ac? = 72abd, then q(x)|p(x).

Proof:
From p(x) = b3x® — 216a?dx — 54a’c, we rewrite this in the following form
p(x) = (bx + %) q(x) + 3Ta(Zb3 — 72abd + 27ac?)x.
Since 2b3% + 27ac? = 72abd, then
p(o) = (b + ) 4o
Therefore, q(x)|p(x).

O

From the lemma above, q(x) is the factor of p(x). This implies that zeros of q(x) are also zeros of
p(x). In other words, there exists at most two common zeros for p(x) and q(x).
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The lemma below gives the p-adic orders of common zeros of p(x) and q(x) under the condition
ord,ac® > ord,b®.

Lemma 3: Letp >3 be a prime and a, b, c and d in Z,. Suppose 1 is a common root of p(x) =
b3x*® — 216adx — 54a*c and q(x) = b*x? — 9acx — 6ab. If ord,ac* > ord,b?, then ord,A = %ordp %.

Proof:

We have p(x) = b3x® — 216a?dx — 54a?c and q(x) = b?x? — 9acx — 6ab . Now the discriminant,
D = 81a%c? + 24ab® is clearly not zero. Hence p(x) and q(x) have two distinct common roots, A,
and 1,. The common roots of q(x) are given by

1= 9ac + \/(9ac)2 + 24(b?)(ab)
h 2b2 '

It follows that,

9ac + J(9ac)2 + 24(b?)(ab)
2b?

ordy,A = ord,
= min {ordp9ac,%min{ordp(‘)ac)z, ordp24(b2)(ab)}} —ord,b*.
Since ord,ac* > ord,b?, then

1
ord,A = Eordp (b*)(ab) — ord,b?

1 1
= Eordpa - Eordpb

That is, ord,2 = 2 ord, .
2 b
O

Lemma below shows the p-adic orders of common zeros of f(x,y) = x%+ ax? + bx + ¢ and
g(x,y) =y*+ry?+ sy +t can be obtained from the combination of indicator diagrams associated
with the Newton polyhedra of f(x,y) and g(x,y).

Lemma 4: Suppose f(x,y) = x® + ax? + bx + ¢ and g(x,y) = y* + ry? + sy + t are polynomials in
Z,[x,y]. Let (u,2) be a point of intersection of the indicator diagrams associated with the Newton
polyhedra of f(x,y) and g(x,y). Then, there exists (a, ) in @, such that f(a,p) =0, g(a,B) =0,

ordya = p = %ordpc and ord,f = 1 = %ordpt.
Proof:

We have f(x,y) =x3+ax?+bx+c and g(x,y) =y®+ry?+sy+t. We construct the indicator
diagrams associated with the Newton polyhedra of f(x,y) and g(x,y) by using Definitions 2 and
3. The combination of indicator diagrams for both f(x,y) and g(x,y) is as in the following figure.
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ord,y

1
ordyx = gordpc

(w2

1
/ ordyy = gordpt

0 ordpx

Figure 1: The combination of indicator diagrams associated with f(x,y) = x> + ax? + bx + c(in
solid lines) and g(x,y) = ¥ + ry? + sy + t. (in dash lines)

We see that there is an intersection point (u, 4) such that
u= éordpc and 1 = iordpt.
By a theorem of Mohd Atan (1986), there exists (a, 8) in @, such that f(a, ) = 0, g(a, ) = 0 and
ordya = p = éordpc and ord,f = 1 = %ordpt .
o
In the lemma below, we solve u = x + 7,y and v = x + 7,y simultaneously and then obtain ord,x
and ord,y respectively in terms of u, v, 7, and .

Lemma 5: Suppose p > 3 be a prime. Let 7,7, be constants and (x,y) be a point in 02 and
u=x+1y,v=x+1y. Thenord,x = ord,(t,v — 1,u) — ord,(t, — ;) and ord,y = ord,(u — v) —

ord, (1, — T5).

Proof:
Let u=x+1y (1)
and v =X+ 1,). 2)
Subtracting (2) from (1), we obtain

y=2r 3)
Multiplying (1) by 7, and (2) by 7, then solving simultaneously will be obtained
It follows that

ord,x = ord,(t;v — 1,u) — ord, (1, — 7).

Also from (3), ordyy = ord,(u — v) — ord,(t; — T,).

The following assertion gives the p-adic orders of common zeros of partial derivative
polynomials associated with a quartic polynomial of the form f(x,y) = ax* + bx®y + cxy® + dy* +
rx + sy + t. The condition ord,ac? > ord,b* applied in the following assertion influences the p-
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adic orders of common zeros of partial derivative polynomials associated with the polynomial
considered.

Theorem 2
Let f(x,y) = ax* + bx*y* + cxy® + dy* + rx + sy + t be a polynomial in Z,[x,y] with p >3. Let
a>0 and &= max{ordpa, ordy,b, ord,c, ordpd} . Suppose (x,,¥0) € Q5 , ord,ac® > ord,b* and

2b3 + 27ac* = 72abd. 1f ord, f,(x,,¥0), 0rd, f,(x0,¥o) = a > §, then there exists (¢,7) € Q2 such that
fe&m) =0, £,En =0 and ord,(§ —xy) = %(Of =8), ord,(n—yo) = %(a — &) or ord,(n—y,) >
g(a —26).

Proof:
Given f(x,y) = ax* + bx?y? + cxy® + dy* + rx + sy + t, we have from Lemma 1,

(fe +2£)(x,y) = 4a [x + (%) yr +r+ s

where 1 is a constant. Let X = x —x, and Y = y — y,. Then

(fc + )X + x0,Y +y,) = 4a [(X + x,) + (%) v + YO)]S s @
1 +3Ac 2

if 2b431 _3 (%) “o )
and el (1) =, (6)

By expanding equations (5) and (6), we obtain p(1) = b323 — 216a?dA — 54a’c = 0 and gq(4) =
b%2? — 9acA — 6ab = 0 respectively. Since 2b® + 27ac? = 72abd, by Lemma 2, there exists at most
two common roots, A2 of the polynomials. Now the discriminant, D = 81a%c? + 24ab® of q(1) is
clearly not zero since if D = 0 then ord,ac? = ord,b® is contradicting with the condition ord,ac* >
ord,b®. Hence p(2) and q(2) have two distinct common roots, 1, and 4,.

Let U=X+%Y, u0=x0+%y0 @)
by
6a

V=X+ Y, V0=x0+b6_lazyo. (8)
By substituting U and V into (4), we obtain polynomials in (U,V) as follows:

FWU,V)=4a(U +ug)®* +r+ A4s )
and

GWU,V) =4a(V +vy)% + 7 + Ays. (10)
From (9) and (10), we obtain

F(U,V) = 4a[U? + 3u,U? + 3u,2U] + F,
G(U,V) = 4a[V? + 3v,V2 + 3v,2V] + G,

where Fy = f,(x0,¥0) + 1y (X0, ¥o) and Gy = fi(xo, ¥o) + A2fy (X0, ¥0)-
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By Lemma 4, there exists (T,V) in @, such that F(U,V) = 0, G(U,V) = 0 where

Do —lord B =7 = lord S
ord,U = p' = ord, > and ord,V = 2 Sordy > .

By equations (7) and (8), there exists (X, ) such that

UO=X+vy,¥ (11)
V=X+y,7. (12)
where y; = % fori=1,2.
By Lemma 5, we have
ord,X = ordp(ylV' —y,0) - ord,(y; — v2) (13)
and ord,Y = ord,(U — V) — ord,(y; — v2). (14)

In equation (13), there are four cases to be considered as below.

Suppose min{ord,y,V, ord,y,U} = ord,y,V and min{ord,y,, ord,y,} = ord,y,.
Gy

ord,X = ord,y,V —ord,y; =ord,V = %ordl7 o

We will obtain the same result if min{ord,y,V,ord,y,0} = ord,y,V and min{ord,y,, ord,y,} = ord,y,.
Suppose next min{ord,y,V, ord,y,U} = ord,y,U and min{ord,y,,ord,y,} = ord,y,.

ord,X = ord,y,U —ordyy, = ord,U = éordp :_l;.

We will obtain the same result if min{ord,y,V,ord,y,U} = ord,y,U and min{ord,y,, ord,y,} =
ordyy;.

Considering all the cases above, we have

ord,X >2ord, 2 where H, is either G, or F,, from which
p 3 P 4a

ord,X > %{ordp[fx(xo,yo) + Af, (x0,¥0)| — ord,a}.

Now, ord, [£cCxo, v0) + lfy(xO'YO)] 2 min{ordpfx(xo,yo), Ordpllfy(xmyo)}-
Suppose min{ordpfx (%0, ¥o0), ordpAf,, (xo,yo)} = ord,f (X0, Yo)» then
ord,X > %(ordpfx(xo,yo) — ord,a)

W] -

>—(a—9).

Next, suppose that min{ord, f, (xo, ¥o), 0rd, Af; (xo, ¥6)} = ord,Af,, (xo, ¥o), then
ord,X > é(ordp/lfy(xo,yo) — ord,a) where ord,A = %ordp% from Lemma 3
Thus,

27 Pp

.1 1 a
ord,X = 3 <ordpfy(x0,y0) +—-ord,—— ordpa)
1 1 1
=3 (ordpfy(xo,yo) —5ordyb — Eordpa).

From which it follow that,
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Next we consider equation (14). We have the following four cases.
First we suppose min{ord,V,ord,U} = ord,U and min{ord,y,, ord,y,} = ord,y;.
ord,Y = ord,U — ord,y,
_1 4 Fo b
~3% %4 ~ %6

1 2
= §ordpF0 + Eordpa —ord,bl, .

Next, suppose min{ord,V, ord,U} = ord,U and min{ord,y,,ord,y,} = ord,y,. Then we obtain

ord,Y = ord,U — ord,y,
1 A ba,

ord,Y = §ordp 1a ord, ta

1 2
= §ordpFO + §0rdpa —ord,bl, .

Suppose min{ord,V,ord,U} = ord,V and min{ord,y,,ord,y,} = ord,y;.

ord,Y =ord,V —ordyy,

1 Go b,
= §0po E — ordp a
1 2
= §ordpGo + §ordpa —ordyb,.

Suppose min{ord,V, ord,U} = ord,V and min{ord,y,, ord,y,} = ord,y,.
ord,Y = ord,V —ordyy,
1 G, bA,
= §O?"dp E - O?"dp a

1 2
= §ordp60 + §ordpa —ord,bl, .

Considering all the cases above, we have

ord,Y > %deHo + %ordpa — ord,ba where H, is either G, or F, and 4 is either 1, or 1,. That is

ordp? > %ordl7 [fx(xo,yo) + Afy(xo,yo)] + %ordpa —ord,b — ord,A.

NOW Ordp [fx(xO! YO) + lfy(xoryo)] 2 min{ordpfx(xm YO)’ Ordplfy(xO! YO)}-
Suppose min{ordpfx (%0, ¥0), ordy Afy, (xo, yo)} = ord,Af,(x0,¥0), then

o1 2
ord,Y = §0rdp/1fy(x0,yo) + §ordpa —ordyb —ord,A
1 2 1 a
=3 ordy f, (%0, ¥0) + 3 ord,a —ord,b — §0rdp 3 from Lemma 3

> g(ordpfy(xo,yo) - Zordpb).
Thus,

.1
ord,Y > §(a — 26).
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Suppose next min{ordpfx(xo,yo), ordp/lfy(xo,yo)} = ord,f,(x0, o), then
ord,Y > %ordpfx(xo,yo) + gordpa —ord,b —ord,A
= éordpfx(xo,yo) + gordpa - (ordpa - 20rdp/1) —ord,A
since ord,b = ord,a — 2ord,A from Lemma 3.
ord,Y = éordpfx(xo,yo) +ord,A — éordpa .

Suppose ord,A > 0, then

L1
ord,Y = 3 (ordpfx(xo,yo) - ordpa)

> 1( 5
=2 § a — )
Suppose ord,A < 0, then

~ 1 1
ord,Y = Eordpfx(xo,yo) +ord,A — Eordpa
1 1 a 1
=3 ordy, fr (X0, ¥o) + 3 ord, 373 ord,a from Lemma 3

> g(ordpfx(xo, Vo) — %ordpb).
Thus,

ord,Y > l<cr —E(S) > l(a' — 26).
3 2 3

Hence, ord,X > é(a —6) and ord,¥ > é(a —6) or ord,Y > %(a —26).

Leté=X+x,andn =7 +y,, thenX =& —x,and ¥ =5 — y,.

Thus, we have

ord,(§ —x,) = %(a —=08), ord,(n —yo) = §(a —d8) orord,(n —yo) > %(a — 26).

By back substitution in (7), (8) and (4), we have f£,(¢,7) = 0 and f,(§,n) = 0.

ESTIMATION OF N(g, h,p%)

Consider quartic polynomial f(x,y) = ax* + bx?y? + cxy® + dy* + +rx + sy + t. The cardinality of
set of solution to congruence equations of partial derivative polynomials associated with f(x,y)
will be obtained in this section. The cardinality associated with f (x,y) under the condition
ordyac? > ord,b® will be given in Theorem 4. We first have the following theorem given by
Loxton and Vaughn (1985)

Theorem 3: Let p be a prime and g(x,y), h(x,y) be a polynomials in Q,[x,y]. Let a > 0, (&,1,), i =
0 be common zeros of g and h, y;(a) = infy eu,iord, (x — &), 0rd, (y —n;)} where H(a) =U; H;(a).
If a > y;(), then N(g, h; p®) < 3; p2(@7i@),

Theorem 4 : Let f(x,y) = ax* + bx*y* + cxy® + dy* + +rx + sy + t be a polynomial in Z,[x,y] with
p>3. Leta>0,6= max{ordpa, ord,b,ord,c, ordpd}. Suppose ordyac? > ord,b* and 2b3 +
27ac? = 72abd. Then
pZ® ifa<é
N(fo f;0%) < 4
(i) {9p§<“+<” if a>6.
Proof:
Menemui Matematik Vol. 41 (1) 2019 42



Yap H. K., Sapar S. H. and Mohd Atan K. A.

Suppose first that a < §. It is trivial that
N(fu fyip®) < p**.
Suppose next, @ > §. From Theorem 3
N(g’ h; pa) < Z pz(a_}’i(a))
i

where
vi(@ = inf (a){ordp (x — &), ord, (x — 1)}
We let g = f,, h = f,. Since ord,ac? > ord,b® and 2b* + 27ac* = 72abd. By Theorem 1,
vi(@) >3 (a - 26).

By Bezout’s Theorem, the number of common zeros doesn’t exceed the product of the degree of
fr and f,. Thus,

N(fufyip®) < 0 3CD) = gp2lied) if o> 5.
That is, N(f i) < 9.

Therefore, we have
p@ ifa<é

N(fw fv; D% S{ 4
(e fyip%) 9p3 @D if o > 6.

ESTIMATION OF EXPONENTIAL SUMS
Now, the estimation of the cardinality is used in order to estimate the exponential sums of the
associated polynomials. Mohd Atan (1986) gives the following two theorems for a is an even
and odd numbers respectively.

Theorem 5: Let p be a prime and f(x,y) be a polynomial in Z,[x,y]. For a > 1, let S(f;p*) =
2mif(x) ]

Zx,ymodpe P ° then |S(f;pa)| < pz(a—G)fofy(pG), Where 0= [%
Theorem 6: Letp be a prime and f(x,y) be a polynomial in Z,[x,y]. Let a = 28 + 1 with g > 1.

Then, |S(f; p®)| < p*** Ny, f, ().

The estimation of multiple exponential sums associated with quartic polynomial in the form of
fx,y) = ax* + bx?y? + cxy® + dy* + +rx + sy + t under the condition ord,ac* > ord,b* as in the
theorem below.

Theorem 7: Let p be an odd prime and a > 1. Let f(x,y) = ax* + bx*y* + cxy®* + dy* + rx + sy +t
be a polynomial in Z,[x,y] with p > 3. Let § = max{ord,a, ord,b, ord,c, ord,d}, ord,ac? > ord,b?
and 2b3 + 27ac? = 72abd. Then

. p*® ifa<é
|S(f,p )l = {9p%(50l+45+1) if a>é.
Proof:

Suppose first that a < §. It is obvious that
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IS(f; P91 < p**.
Suppose next a > §. Since ord,ac? > ord,b* and 2b* + 27ac? = 72abd, then by Theorem 4,
4
N(fxr fy; pa) < 9p§(9+6) (15)
where 6 = [%] and 6 = max{ord,a, ord,b, ord,c, ord,d}.
If @ = 26, then by (15) and Theorem 5, we obtain

4
ISCf3p | < p*e? - 9pa? ™
— 9p§a+§5
. Lisa+4s)
That is, |S(f; p%)| < 9p3 .
Suppose « is odd, that is @ = 28 + 1 where g > 0. By Theorem 5,
IS(F; pN < P N(fr, £ 0F).
By Theorem 4, we have
4
N(fx.fy;pﬁ) < gpg(ﬁﬂ?)_
Thus,
IS p)] < 9pHHHHI,
Let 28 = a —1, then
5 4 1
IS(F; p9)| < 9pa**3°*a

That is,
ISCF p)| < 9p3 D if ¢ is odd,
Therefore,
« p* if <8
IS(fp9| < {9p§(5a+46+1) if a>6
for all « > 0.
m]
CONCLUSION

In this paper, the p-adic sizes of partial derivative polynomials associated with quartic
polynomial in the form of f(x,y) = ax* + bx3y + cxy® + dy* + rx + sy + t is considered. Then, by
using these results, the estimation of cardinality of the set (£, f,; p*) was found. After that, the
result of the cardinality is then used to estimate the exponential sums of the quartic polynomial f

().
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