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ABSTRACT 
The conjugacy class of an element in a group is the set of all conjugates of that element in the 
group.  An element x is conjugate to y in a group G if there exists an element g in G such that 
݃ିଵ݃ݔ = y.  Many of previous researchers only found the lower bound of the conjugacy classes 
without giving the exact number of conjugacy classes.  In this paper, the number of the conjugacy 
classes of 3-generator groups of order 16 is computed.   
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INTRODUCTION 
 

The conjugacy class of a group is sometimes viewed as a partition of a group.  Let a be an 
element of a group G.  The conjugacy class of the element a is defined by the following; Let b be 
an element in G.  Then a and b are conjugate if ିݔଵܽݔ = ܾ for some x in G.  The conjugacy class 
of a is written as cl(a) = {ିݔଵܽݔ|xϵ G}.   In recent years, a number of researchers have studied 
on the bounds on the number of conjugacy classes.  For any non-trivial group G, the number of 
conjugacy classes, clீ> 1.  In 1968, Erdos and Turan stated that the number of conjugacy classes 
can be calculated using the formula clீ>݈݃݋ଶ݈݃݋ଶ|ܩ|. In the same year, Polan (1968) has made 
an improvement on the bound of clீ for nilpotent group which is clீ>݈݃݋ଶ. Besides, Sherman 
(1979) also investigated the best lower bound for the conjugacy classes.  As for the case that if G 
is a nilpotent group, Sherman revealed that clீ > c(|ܩ|ଵ/௖ − 1) + 1  where c is the class of 
nilpotent group. 

   However, the improvement made by Sherman (1979) was still weak. He gave a better 
estimation on the bounds of the conjugacy classes; however it is still far away from the exact 
value.  In 2008, Ahmad found the exact number of conjugacy classes for 2-generator p-groups of 
class 2. The scope of this paper is on the 3-generator groups of order 16. There are three groups 
under this category, ܪଵ, ܪଶ, and ܪଷ given by the following presentations (S.Ok, 2001): 
 
 ,<ଶݖ = ସ= 1, [x,z] = [y,z] = 1, [x,y]ݖ =ଶݕ =ଶݔ | ଵ= <x, y, zܪ

 ,<ଷݔ =௬ݔ ,ଶ= 1, [x,z] = [y,z] = 1ݖ =ଶݕ =ସݔ | ଶ= <x, y, zܪ

     .< ଶ= 1, [x, y] = z, [x,z] = [y, z] = 1ݖ =ଶݕ =ସݔ | ଷ= <x, y, zܪ

    This paper is structured as follows: The first section is the introduction section. It includes basic 
definitions and concepts in group theory that are used in this research.  
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PRELIMINARIES 
 

In this section, some basic properties which are needed later are presented. 
 
Proposition 1.1 (Fraleigh, 2000) The conjugacy class of the identity element is its own class, 
namely cl(1) = {1}. 

Proposition 1.2 (Fraleigh, 2000) Let a and b be two elements in a finite group G.  The elements 
a and b are conjugate if they belong in one conjugacy class, that is cl(a) = cl(b). 

Proposition 1.3 (Fraleigh, 2000) Suppose a is an element of a group G, then a lies in the center 
Z(G) if and only if its conjugacy class has only one element. 

 
MAIN RESULTS 

In this section, the number of conjugacy classes of all three generator groups of order 16 are 
computed and determined. The number of conjugacy classes of a group G is denoted by K(G). 
 
Theorem 2.1 Let  ܪଵ= <x, y, z | ݔଶ= ݕଶ= ݖସ= 1, [x, z] = [y, z] = 1, [x, y] = ݖଶ>. Then the number 
of conjugacy classes of ܪଵ, K (ܪଵ) = 10. 

Proof: Using definition of conjugacy class, the conjugacy classes of ܪଵ can be found.  Based on 
the definition, cl(a) = {݃ ϵ ܩ: there exists x ϵ ܩ with ݃ = ିݔଵܽݔ }. Thus, the conjugacy classes of 
 ଵ are determined as follows:  First, let a = 1.  Since the conjugacy class of the identity elementܪ
is the identity itself, then, cl(1) = {1}. 

    Next, we find the conjugacy class for a, cl(a) = { ݃a ݃ିଵ} where ݃ ϵ {1, x, y, z, ݖଶ, ݖଷ, xy, xz, 
ଶݖݔ ଷݖݔ , , yz, ݖݕଶ ଷݖݕ , , xyz, ݖݕݔଶ ଷݖݕݔ , } for all a in ܪଵ . The conjugate elements of a are 
determined as follows: 

When ݃ = x, ݃a݃ିଵ= (x)x(ݔ)ିଵ = xxx = x, 

when ݃ = y, ݃a݃ିଵ= (y)x(ݕ)ିଵ = yxy = yyݖݔଶ = ݖݔଶ, 
when ݃ = z, ݃a݃ିଵ= (z)x(ݖ)ିଵ = zxz = zxݖଷ = xzݖଷ =  x, 

when ݃ =  ݖଶ, ݃a݃ିଵ= (ݖଶ) ݔ( ݖଶ)ିଵ =  ݖଶݖݔଶ = zzxzz = zxzzz = xzzzz = x, 

when ݃ =  ݖଷ, ݃a݃ିଵ= (ݖଷ) ݔ( ݖଷ)ିଵ =  ݖଷݖ  = ݖݔଷzx = ݖସx = x, 

when ݃ = xy, ݃a݃ିଵ= (xy) (ݕݔ)ݔିଵ = (ݕݔ)ݔ(ݖݕݔଶ) = xyxxyݖଶ = xyyݖଶ = xݖଶ, 

when ݃ = xz, ݃a݃ିଵ= (xz)(ݖݔ)ݔିଵ = (ݖݔ)ݔ(ݖݔଷ) = xzݖݔݔଷ = x, 

when ݃ = xݖଶ, ݃a݃ିଵ= (xݖଶ)ݔ(ݖݔଶ)ିଵ = (ݖݔଶ)ݔ(ݖݔଶ) = xݖଶݖݔݔଶ = x, 

when ݃ = xݖଷ, ݃a݃ିଵ= (xݖଷ)ݔ(ݖݔଷ)ିଵ = (ݖݔଷ)(ݖݔ)ݔ = xݖଷݖݔݔ = x, 

when ݃ = yz, ݃a݃ିଵ= (yz)(ݖݕ)ݔିଵ = (ݖݕ)ݔ(ݖݕଷ) = yzxyݖଷ = yzyxݖଶݖଷ = yyzxz = xzz = xݖଶ, 

when ݃ = yݖଶ , ݃a݃ିଵ= (yݖଶ)ݔ(ݖݕଶ)ିଵ = (ݖݕଶ)ݔ(ݖݕଶ) = yݖଶݖݕݔଶ  =  yݖଶݖݔݕଷݖଶ = yݖଶyx = 
yzzyx = zzx = ݖଶݔ = zzx = zxz = xzz = xݖଶ, 

when g = yݖଷ , ݃a݃ିଵ= (yݖଷ)ݔ(ݖݕଷ)ିଵ = (ݖݕଷ)(ݖݕ)ݔ = yݖଷݖݕݔ  = yݖଷyxݖଶݖ = yzzzyxݖଶz = 
yzzyzxݖଷ = yzzyzxݖଷ = yzyzzxݖଷ = zzzxݖଷ = ݖଷxxݖଶ = xݖଶ, 

when ݃ = xyz, ݃a݃ିଵ= (xyz)(ݖݕݔ)ݔିଵ = (xݖݕ)(ݖݕݔ)ݔ = xyzyz = xzz = xݖଶ, 

when ݃ = xyݖଶ, ݃a݃ିଵ= (xyݖଶ)ݔ(ݖݕݔଶ)ିଵ = (xݖݕଶ)(ݕݔ)ݔ = xyݖଶy = xyzzy = xzyzy = xzz = xݖଶ, 

when ݃ = xyݖଷ, ݃a݃ିଵ= (xyݖଷ)ݔ(ݖݕݔଷ)ିଵ = (xݖݕଷ)ݕݔ)ݔ ଷ) = xyݖଷyݖଷ = xyݖଶzyݖଷ = xyݖଶy = 
xyzzy = xzyzy = xzz = xݖଶ. 
 
Thus, cl(x) = {x, xݖଶ} .  Since x and xݖଶ belong in one conjugacy class, then, cl(x) = cl(xݖଶ). 
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     By replacing ݃ with the rest of the elements in the set { y, z, ݖଶ, ݖଷ, xy, xz, ݖݔଶ, ݖݔଷ, yz, ݖݕଶ, 
 :ଵ are found as followsܪ ଷ}, the conjugacy classes ofݖݕݔ ,ଶݖݕݔ ,ଷ, xyzݖݕ

(i)     cl(1) = {1}, 
(ii)     cl(x) = {x, xݖଶ} = cl(xݖଶ), 
(iii)     cl(y) = {y, yzଶ} = cl(yݖଶ), 
(iv)     cl(z) ={ z}, 
(v)     cl(ݖଶ) ={ݖଶ}, 
(vi)     cl(ݖଷ) = {ݖଷ}, 
(vii)   cl(xy) ={ݕݔ ,  ,(ଶݖxy)ଶ} = clݖݕݔ
(viii)   cl(xz) ={ݖݔ ,  ,(ଷݖx)ଷ} = clݖݔ
(ix) cl(yz) ={ݖݕ ,  ,(ଷݖy)ଷ} = clݖݕ
(x) cl(xyz) ={ݖݕݔ ,  .(ଷݖxy)ଷ} = clݖݕݔ

Therefore, K(ܪଵ) = 10.  

 
Theorem 2.2 Let ܪଶ= <x, y, z | ݔସ= ݕଶ= ݖଶ= 1, [x, z] = [y, z] = 1, ݔ௬= ݔଷ>. Then the number of 
conjugacy class of ܪଶ, K (ܪଶ) = 10. 

Proof: The conjugacy classes of ܪଶ are computed in a similar way for ܪଵ. The conjugacy classes 
of ܪଶ are calculated as follows:   

    For all a in ܪଶ, cl(a) = { ݃a ݃ିଵ} where ݃ ϵ {1, x, y, z, ݖଶ, ݖଷ, xy, xz, ݖݔଶ, ݖݔଷ, yz, ݖݕଶ, ݖݕଷ, 
xyz, ݖݕݔଶ, ݖݕݔଷ}.  The conjugate elements of a are determined as follows: 

When ݃ = x, ݃a݃ିଵ= (x)x(ݔ)ିଵ = xxݔଷ = x, 

when ݃ = ݔଶ, ݃a݃ିଵ= (ݔଶ) x(ݔଶ)ିଵ = ݔଶxݔଶ = x , 

when ݃ = ݔଷ, ݃a݃ିଵ= (ݔଷ) x(ݔଷ)ିଵ = ݔଷݔݔ =  , ݔ
when ݃ = y, ݃a݃ିଵ= (y)x(ݕ)ିଵ = yxy = yyݔଷ = ݔଷ, 

when ݃ = z, ݃a݃ିଵ= (z) (ݖ)ݔିଵ = zxz = zzx = x, 

when ݃ = xy, ݃a݃ିଵ= (xy)(ݕݔ)ݔିଵ =xyxxy = yݔଷxxy = yxy = yyݔଷ =   ,ଷݔ 

when ݃ = ݔଶy, ݃a݃ିଵ= (ݔଶݕ) ݔ(ݔଶݕ)ିଵ = xxyxxxy = xyݔଷݕݔݔݔ = xyxxy = yݔଷxxy = yxy = yyݔଷ 
 ,ଷݔ =

when ݃ = ݔଷy, ݃a݃ିଵ= (ݔଷy)ݔ(ݔଷݕ)ିଵ = (ݕݔ)ݔ = (ݕݔ)ݕݔݓଷyxݔଷy = ݔଷ,  

when ݃ = xz, ݃a݃ିଵ= (xݖ)(ݖݔ)ݔିଵ = xzxݔଷz = x , 

when ݃ = ݔଶz, ݃a݃ିଵ= (ݔଶz)ݔ(ݔଶݖ)ିଵ = xxzxxxz = xzxxxxz = x, 

when ݃ = ݔଷz, ݃a݃ିଵ= (ݔଷz)ݔ(ݔଷݖ)ିଵ = (ݔଷݖ)ݔ = (ݖݔ)ݔଷxzzx = x, 

when ݃ = yz, ݃a݃ିଵ= (yz)(ݖݕ)ݔିଵ = (ݖݕ)(ݖݕ)ݔ = zyxyz = zyyݔଷz = zxxxz = xzxzx = xzzxx = ݔଷ, 

when ݃ = xyz, ݃a݃ିଵ= (xyz)(ݖݕݔ)ݔିଵ = xyzxxyz = xyxzxyz = yݔଷxzxyz = yzxyz =zyyݔଷz = zxxxz 
= xzxzx = xzzxx = ݔଷ, 

when ݃ ଶݔ =  yz, ݃ a ݃ିଵ = ( ଶݔ yz) ݖݕଶݔݔݖݕଶݔ = ଵି(ݖݕଶݔ)ݔ = ݖݕݔݔݖݔݕݔݔ = ଷݔݕݔ xzxxyz = 
xyxzxyz = yݔଷxzxyz = yzxyz = zyyݔଷz = zxxxz = xzxzx = xxzzx = ݔଷ, 

when ݃ = ݔଷyݖ, ݃a݃ିଵ= (ݔଷyݖ)ݔ(ݔଷݖݕ)ିଵ = ݔଶݔݔݖݕଷݖݕ =  .ଷݔ 
 

Since cl(x) = {x ,ݔଷ}, then cl(x) = cl(ݔଷ). 

     The same steps are used for ݃ = {y, z, ݖଶ, ݖଷ, xy, xz, ݖݔଶ, ݖݔଷ, yz, ݖݕଶ, ݖݕଷ, xyz, ݖݕݔଶ, ݖݕݔଷ}.  
Therefore, the conjugacy classes of ܪଶ are listed as follows: 

(i) cl(1) = {1}, 
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(ii) cl(x) = {x, ݔଷ} = cl(ݔଷ), 
(iii) cl(ݔଶ) = {ݔଶ}, 
(iv) cl(xy) = {xy, ݔଷݕ} = cl(ݔଷݕ), 
(v) cl(xz) = {xz, ݔଷݖ} = cl(ݔଷݖ), 
(vi) cl(y) = {y, ݔଶݕ} = cl(ݔଶݕ), 
(vii) cl(z) ={z}, 
(viii) cl(ݔଶݖ) = {ݔଶݖ}, 
(ix) cl(yz) = {yz, ݔଶݖݕ} = cl(ݔଶݖݕ), 
(x) cl(xyz) = {xyz, ݔଷݖݕ} = cl(ݔଷݖݕ). 

 
Thus, K(ܪଶ) = 10.  

 
Theorem 2.3 Let ܪଷ= <x, y, z | ݔସ= ݕଶ= ݖଶ= 1, [x, y] = z, [x, z] = [y, z] = 1 >.  Then the number 
of conjugacy class of ܪଷ, K (ܪଷ) = 10. 

Proof:  By using the same steps as in the Theorem 2.1 and Theorem 2.2, the conjugacy classes 
of ܪଷ are obtained.  Therefore, the conjugacy classes of ܪଷ are computed as follows:  

    Using the definition, cl(a) = { ݃a ݃ିଵ} where ݃ ϵ {1, x, y, z, ݖଶ, ݖଷ, xy, xz, ݖݔଶ, ݖݔଷ, yz, ݖݕଶ, 
 :ଷ}.  The conjugate elements of a are determined as followsݖݕݔ ,ଶݖݕݔ ,ଷ, xyzݖݕ

When ݃ = x, ݃a݃ିଵ= (x)x(ݔ)ିଵ = xxݔଷ = x, 

when ݃ = ݔଶ, ݃a݃ିଵ= (ݔଶ)x(ݔଶ)ିଵ = ݔଶxݔଶ = x, 

when ݃ = ݔଷ, ݃a݃ିଵ= (ݔଷ)x(ݔଷ)ିଵ = ݔଷݔݔ =  ,ݔ
when ݃ = y, ݃a݃ିଵ= (y)x(ݕ)ିଵ = yxy = yyxz =xz, 

when ݃ = z, ݃a݃ିଵ= (z)(ݖ)ݔିଵ = zxz = xzz = x, 

when ݃ = xy, ݃a݃ିଵ= (xy)(ݕݔ)ݔିଵ =xyx(ݔଷyz) = xyxݔଷyz = xyyz = xz, 

when ݃ = ݔଶy, ݃a݃ିଵ= (ݔଶݕ) ݔ(ݔଶݕ)ିଵ = ݔଶyxݔଶy = xxyxxxy = xyxzxxxy = xyzxxxxy = xyzy = 
xzyy = xz, 

when ݃ = ݔଷy, ݃a݃ିଵ= (ݔଷy)ݔ(ݔଷݕ)ିଵ = (ݔଷݕ)ݔ = (ݖݕݔ)ݔଷyxxyz = ݔଶxyxxyz = ݔଶyxzxxyz = 
xxyzxxxyz = xyxzzxxxyz = xz,  

when ݃ = xz, ݃a݃ିଵ= (xݖ)(ݖݔ)ݔିଵ = xzxݔଷz = x, 

when ݃ = ݔଶz, ݃a݃ିଵ= (ݔଶz)ݔ(ݔଶݖ)ିଵ = ݔଶzxݔଶz  = xxzxݔଶz= xzxxݔଶz = x, 

when ݃ = ݔଷz, ݃a݃ିଵ= (ݔଷz)ݔ(ݔଷݖ)ିଵ = (ݔଷݖ)ݔ = (ݖݔ)ݔଷxzxz = zxz = xzz = x, 

when ݃ = yz, ݃a݃ିଵ= (yz)(ݖݕ)ݔିଵ = (ݖݕ)(ݖݕ)ݔ = yzyxzz = yzyx = zyyx = xz, 

when ݃ = xyz, ݃a݃ିଵ= (xyz)(ݖݕݔ)ݔିଵ = xyzxݔଷy = xyzy = xyyz = xz, 

when ݃ = ݔଶyz, ݃a݃ିଵ= (ݔଶyz)ݔ(ݔଶݖݕ)ିଵ = ݔଶݔݔݖݕଶݖݕ = ݔݖݕݔݔ ଶݖݕ =  ,ଶyz = xzݔzzxݔݕݔ

when ݃ = ݔଷyݖ, ݃a݃ିଵ= (ݔଷyݖ)ݔ(ݔଷݖݕ)ିଵ = ݔଷݕݔݔݖݕ = ݖݔݕݔݖݕଷݔ  = ݖݔݖݔݕݖݕଷݔ  =
ݔݖݖݔݕݖݕଷݔ  = ݔݔݕݖݕଷݔ  = ݔݔݕݕݖଷݔ  = ݔݔݖଷݔ  = ݔݖݔଷݔ  =  .ݖݔ 

 
Since cl(x) = {x,  .(ݖݔ)then cl(x) = cl ,{ݖݔ

The calculations are continued with ݃ = {y, z, ݖଶ, ݖଷ, xy, xz, ݖݔଶ, ݖݔଷ, yz, ݖݕଶ, ݖݕଷ, xyz, ݖݕݔଶ, 
 :ଷ are listed in the followingܪ ଷ}. The conjugacy classes ofݖݕݔ

(i) cl(1) = {1}, 
(ii) cl(x) = {x, ݖݔ} = cl(ݖݔ), 
(iii) cl(ݔଶ) = {ݔଶ}, 
(iv) cl(xy) = {xy, ݔଷݖ} = cl(ݔଷݖ), 
(v) cl(y) = {y, ݖݕ} = cl(ݖݕ), 
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(vi) cl(z) ={z}, 
(vii) cl(xy) = {xy, ݖݕݔ} = cl(ݖݕݔ), 
(viii) cl(ݔଶݕ) = {ݔଶݕ,  ,(ݖݕଶݔ)cl = {ݖݕଶݔ
(ix) cl(ݔଷݕ) = {ݔଷݕ,  ,(ݖݕଷݔ)cl = {ݖݕଷݔ
(x) cl(ݔଶݖ) = {ݔଶݖ}. 

Hence, K(ܪଷ) = 10. 

 
CONCLUSION 

 
Based on the calculation in Theorem 2.1, 2.2 and 2.3, it can be seen that the number of 
conjugacy classes for all three-generator groups of order 16 are equal to 10. However, the proof 
for each group is different due to the different relations given in the group presentation. 
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